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Controllability of Cardiac Alternans

these strategies. Hence we consider σmin(P), which is a measure of how close to or far from

rank deficiency the matrix P is, as a measure of the magnitude of controllability. Figure 4 shows

steady-state a, peak calcium (Cap
i ), and σmin(P) for periods between 80 and 600 ms for voltage-

and calcium-driven alternans. As shown in Fig. 4a, APD and peak calcium bifurcate at a period of

about 290 ms for voltage-driven alternans, with a loss in stability of the fixed points for periods

below 290 ms (also see Fig. 2). Within the range of periods with alternans, the values of σmin(P)

when using Ba are closer to zero and those obtained using Bl are the largest, indicating that control

should be easiest when applied through the SR load and most difficult when applied through the

APD. Similarly, for calcium-driven alternans, APD and peak calcium bifurcate at a period of about

240 ms (see Fig. 4b), corresponding to a loss in stability of the fixed point. We also observe that

within the alternans regime the values of σmin(P) associated with control through the l, b and a

variables are farther from zero, indicating that control is more effective when applied through

those variables than through r.

(a) (b)

Figure (4) (a) Voltage-driven alternans: for periods with alternans (indicated by the bifurcated regions

in the top two rows of plots), the bottom plot (σmin) shows that control was easiest through

the SR load l and most difficult through the APD a. (b) Calcium-driven alternans: for periods

with alternans, control was easiest through the SR load l, total Ca2+ b, or APD a. In both cases,

σmin,r ≈ 0 so it does not appear on a log plot.
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III.2.3 Modal Controllability Test

We also applied the modal controllability test to the QSW model. Figures 5 and 6 show the

controllability magnitudes (| cos θij|) for all four eigenvalues λi, with separate plots for the

different control strategies (represented by Bj = Br, Ba, Bb, or Bl), over a range of periods

for voltage- and calcium-driven alternans, respectively. Minimum controllability occurs when

| cos θij| = 0 (black) and stronger controllability occurs when | cos θij| = 1 (gold). Thus, we will

identify the best control strategies as those for which every eigenvalue whose magnitude is

greater than one has strong controllability (gold). In the case of voltage-driven alternans, the

best control strategy (stronger controllability) for alternans involves delivering control through

a, whereas weaker controllability occurs when control is applied through any of the other state

variables.

(a) (b)

(c) (d)

Figure (5) Controllability magnitude as a function of period for voltage-driven alternans using different

control strategies: (a) Br (control through r), (b) Ba (control through a), (c) Bb (control through b),

and (d) Bl (control through l).

Similarly, Fig. 6 shows that for calcium-driven alternans, controllability is stronger through a and l

and weaker through the other state variables. Thus, our modal controllability results indicate that

alternans may be controlled through APD for either alternans mechanism and that SR calcium
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load is an additional promising channel for control for calcium-driven alternans.

(a) (b)

(c) (d)

Figure (6) Controllability magnitude as a function of period for calcium-driven alternans using different

control strategies: (a) Br (control through r), (b) Ba (control through a), (c) Bb (control through b),

and (d) Bl (control through l).

III.3 State Feedback Results for the QSW Model

Informed by our controllability results for the QSW model, we explored three feedback strategies:

single-variable feedback (SV), pole placement (PP), and the linear quadratic regulator (LQR). We

compared the maximum closed-loop eigenvalue moduli for the SV and PP approaches and also

selected R-Q ratios for the LQR strategy and computed corresponding optimum gains.

III.3.1 Comparing Maximum Eigenvalue Moduli for Single-Variable Feedback and Pole Place-

ment for Voltage- and Calcium-Driven Alternans

We compared the maximum closed-loop eigenvalue moduli for the single-variable and pole

placement state-feedback controllers. We focused on applying the controllers through the strategies

associated with APD (Ba) and SR calcium load (Bl) for voltage- and calcium-driven alternans,
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