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Figure 4.8: The relative difference of the orbital frequencies as a function of time at different post-
Newtonian orders, starting the binary at an orbital separation of 100M . As in 4.6 and 4.7, the
orange line is the 3PN term in equation (4.36) minus the Newtonian term, normalized by the 3PN
term, the green line is 3PN minus 1PN normalized by the 3PN term, and the red line is the 3PN
minus the 2PN normalized by the 3PN term, so the error is 3PN. The purple line is the relative
error of the different orbital frequency definitions for the EOM code, which for this separation lies
above the 3PN error for the entire evolution. The blue line is the relative error between the 3PN
EOM code and the consistent PN order Taylor T4.

stays below the 2PN line. When we look at the 100M case, we find that the discrepancy between

the T4 and EOM codes again stays below the 2PN line, but with a lower relative difference.

Of course, to demonstrate that this is indeed a PN scaling and not another effect, we need to

show that the relative differences between the PN orders scale as the proper powers of rs when we

look over a large range of separations. We do this in 4.9. This figure shows the relative differences

scaling as a function of separation. In each case, we fit a best fit power law to the line, and record

the slope. The slopes that we find scale with orbital separation rs, where the slope s is measured
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for the individual relative errors. We find that the 1PN error scales with separation as s ≈ −0.976,

the 2PN error scales with separation as s ≈ −1.9995, the 3PN error scales with separation as

s ≈ −4.002 at close separations (r ∼ 12M), and s ≈ −2.7577 at far separations (r ≈ 1000M).

The 3PN error doesn’t scale as s ≈ −3.0 because of the gauge dependent logarithm term. When

looking at separations that are even farther out than r ≈ 1000M , like r ∼ 1000000M , we find that

the slope approaches the correct PN scaling of −3. The scaling of the different PN definitions is

also tracked here, and while there isn’t a clear power law trend on this plot, we do note that the

definitional discrepancy falls at or below the 3PN line (except for the special case around 50M),

so we can say from this that either definition is acceptable in the EOM code. For our purposes,

we will use the geometric definition of Ω = |~n× ~v|. When we measure the scaling of the T4-EOM

relative error in figure 4.9, we find it is s ≈ −4.545. This does not obey any obvious PN scaling, so

we do not attribute this discrepancy to the PN order.
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Figure 4.9: Tracking the PN order of the orbital frequencies as a function of time. We measure the
slope of the functional form of the orbital frequency (in solid), through the evolution data (points)
for the orbital frequency PN scalings. The T4-EOM comparisons are obtained by fitting the data
to a simple polynomial and over plotting the resultant fit function through the data.

129



Chapter 4. Eccentric, Spinning Binaries

4.4.4 Quantifying the Comparison: Overlaps

With the orbital frequency analysis concluded, we now turn to calculating the waveform overlaps

between T4 and the EOM. We pick several fiducial separations, mass ratios, and spins (both aligned

and anti-aligned). The initial separations for which we choose to calculate the overlaps are 100M ,

50M , and 20M , with mass ratios of 1, 2, 10, and 100. The spin parameters that we pick are

χ1 = {0, 0.3, 0.6, 0.9} and χ2 = {0, 0.3, 0.6, 0.9,−0.3,−0.5,−0.6,−0.9}, at separations of 50M and

100M .

We calculate the overlap and maximize over time and phase (e.g. Buonanno et al. (2009)), by

calculating the inner product space in the frequency domain

(h1|h2) = 4 max
tc

∣∣∣∣ ∫ fhigh

flow

h∗1(f, tc)h2(f)

Sn(f)
df

∣∣∣∣. (4.37)

The maximization over time is handled by maximizing over the time shift of the waveform tc, and

the phase maximization is handled by the shifting of h1 in frequency space. The low frequency

cutoff on the integration is set to a reasonable frequency for a detector (for this analysis we set the

low frequency cutoff to 10Hz, which is a reasonable if a bit ambitious lower frequency bound for

LIGO). The high frequency cutoff is not set, to capture the maximum overlap of the waveform if

the endpoint is not exactly set to the same frequency.

We then normalize (using the euclidean norm) over h1 and h2 to obtain the overlap:

O =
(h1|h2)

Norm(h1)Norm(h2)
. (4.38)

The results are tabulated in the table 4.1. We keep all of the parameters that we used to

calculate the overlaps in the table: the initial and final separations, the mass ratio, the aligned

dimensionless spin values χ1 and χ2, the total simulation time in units of M , the number of orbits

the waveform spanned, the time step of the overlap calculation, and finally the maximized overlap

for both the T4 to EOM comparison at a consistent PN order (3.5PN), and also at the highest T4

order (6PN).
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We see that the overlap is a strong function of the orbital separation: as the separation increases,

the overlap increases from a bad overlap at 20M of only O ∼ 0.8 to an overlap of O ∼ 0.99999

at 100M . In addition, as the mass ratio increases, the overlap also increases. For example, at a

separation of 50M , holding the spins of the individual black holes to zero, we increase in overlap

from O ∼ 0.98 at q = 1 to O ∼ 0.99999 at q = 100.

When we move to explore the spin parameter space, we hold the mass ratio fixed and compute

the overlaps for separations of 100M and 50M . As the spin parameter increases in value to higher

positive χ effective (χ effective is the spin values projected along the orbital angular momentum),

the overlap goes down, at 50M , from O ∼ 0.995 at spins of zero, to O ∼ 0.99 at a high positive χ

effective.

When the spins are anti aligned with each other, keeping the effective spin zero, the overlap

stays fairly constant, but increases slightly, with the χ1 = 0.9, χ2 = −0.9 having an overlap of

O ∼ 0.999.

A final discussion point is to highlight the effects of PN at higher order with T4, specifically

when we add higher order radiation reaction flux terms. The high-order T4 generically differs in

overlap from the consistent order T4 by 10−8 at 100M , 10−5 at 50M , and 10−3 at 20M . Though

the overlap difference increases as the separation decreases, the PN effects at 4PN do not account

for the discrepancy of the overlaps between T4 and the direct integration EOM.

In addition to the results we tabulate below, we perform stability tests on the overlap between

T4 and the EOM by inputting a small x-component perturbation to the two spin vectors, which will

cause a small amount of spin precession. Specifically, we give the spin vectors ~S1 = (10−4, 0, 0.3),

and ~S2 = (−10−4, 0, 0.3), and we run the same overlaps with the consistent T4 method and also

run the overlap with the EOM code with no x-component perturbation to the spins. The overlaps

that we obtain are OT4−EOM = 0.983693663044, which is exactly the overlap that we obtain when

running without the x perturbation. This is easily verifiable by redoing the overlap analysis with the

EOM code with and without the perturbation. We obtain an overlap of O(EOMpert−EOM) = 1.0,

which clearly shows that a perturbation to the spin directions do not affect the overlaps.
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We also visualize this data in a different way in figures 4.10 and 4.11.
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Figure 4.10: A visualization of the data in table 4.1, where we have suppressed all of the spin
overlaps, and plot the initial separation vs the log of the mass ratio, with the color scale indicating
− log10(1 − O). This overlap was done over the shortest evolution, at 20M the simulation ran
for only 20 orbits, so the rest of the overlaps were calculated for 20 orbits to give an accurate
comparison. This parameterization of the color scale leads to the darker colors indicating a better
overlap (the number of nines is indicated on the scale).
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Separation [M ] Aligned spins Duration Overlaps O(T4− EOM)

rinitial rfinal q χ1 χ2 t [M] orbits dt [s] T4consistent T4high

100 99 1 0 0 318429.8 ∼ 50 1.09061× 10−3 0.99999065 0.999990644

100 99 1 0.3 0.3 318429.8 ∼ 50 1.04527× 10−3 0.99993352 0.999933512

100 99 1 0.6 0.6 318429.8 ∼ 50 1.04527× 10−3 0.99983625 0.999836244

100 99 1 0.9 0.9 318429.8 ∼ 50 1.04527× 10−3 0.99971069 0.999710688

100 99 1 0.3 -0.3 318429.8 ∼ 50 1.04527× 10−3 0.99998949 0.999989489

100 99 1 0.6 -0.6 318429.8 ∼ 50 1.04527× 10−3 0.9999856287 0.9999856265

100 99 1 0.9 -0.9 318429.8 ∼ 50 1.04527× 10−3 0.99997797 0.9999778678

100 99 1 0.9 -0.5 318429.8 ∼ 50 1.04527× 10−3 0.9999415165 0.9999415133

100 99.1 2 0 0 318480.2 ∼ 50 1.045439× 10−3 0.99999283 0.999992828

100 99.7 10 0 0 318701.62 ∼ 50 1.04617× 10−3 0.9999991669 0.9999991668

100 99.95 100 0 0 318833.8 ∼ 50 1.0466× 10−3 0.9999999893 0.9999999893

50 47.2 1 0 0 114043.4 ∼ 50 3.90593× 10−4 0.994904572 0.994898471

50 47.2 1 0 0 114049.1 ∼ 50 2.246257× 10−4 0.994797482 0.994791317

50 47.3 1 0.3 0.3 114043.4 ∼ 50 3.74357× 10−4 0.983693663 0.983675238

50 47.3 1 0.6 0.6 114043.4 ∼ 50 3.74357× 10−4 0.969583498 0.969553474

50 47.4 1 0.7 0.7 114043.4 ∼ 50 3.74357× 10−4 0.981885223 0.981867878

50 47.4 1 0.8 0.8 114043.4 ∼ 50 3.74357× 10−4 0.991724021 0.991717488

50 47.4 1 0.85 0.85 114043.4 ∼ 50 3.74357× 10−4 0.992601112 0.992597499

50 47.4 1 0.9 0.9 114043.4 ∼ 50 3.74357× 10−4 0.990197785 0.990190154

50 47.4 1 0.95 0.95 114043.4 ∼ 50 3.74357× 10−4 0.984804119 0.984791162

50 47.2 1 0.3 -0.3 114043.4 ∼ 50 3.74357× 10−4 0.995280388 0.995274373

50 47.2 1 0.6 -0.6 114043.4 ∼ 50 3.74357× 10−4 0.9971254502 0.997121275

50 47.2 1 0.9 -0.9 114043.4 ∼ 50 3.74357× 10−4 0.9988241423 0.998822279

50 47.3 1 0.9 -0.5 114043.4 ∼ 50 3.74357× 10−4 0.985182006 0.985164755

50 47.5 2 0 0 114095.5 ∼ 50 3.74528× 10−4 0.99467073 0.994667208

50 49.1 10 0 0 114299.9 ∼ 50 3.75199× 10−4 0.999489566 0.999489472

50 49.9 100 0 0 114395.1 ∼ 50 3.75512× 10−4 0.999994205 0.999994204

20 16 1 0 0 11965 ∼ 20 3.92762× 10−5 0.782932526 0.775227367

20 18.2 1 0 0 5982.5 ∼ 10 1.963812× 10−5 0.917453743 0.916892613

20 16.5 2 0 0 11979.2 ∼ 20 3.93229× 10−5 0.827044247 0.821830277

20 18.8 10 0 0 12050.8 ∼ 20 3.95579× 10−5 0.972718171 0.97255266

20 19.9 100 0 0 12087.1 ∼ 20 3.96769× 10−5 0.99919055 0.999190336

Table 4.1: The overlaps between T4 and EOM methods, documented for different separations, spin
vectors, and mass ratios, at both the consistent T4 flux order and the highest T4 fluxes available.
There are several interesting lines to pay attention to: as the spins increase in alignment, there is an
inflection point around χ1 = χ2 = 0.9, where the overlap drops then increases again. In addition,
at 50M separation, we increase the resolution of the timestep to probe the effects of numerical
resolution on the overlap calculations. We find no effect on the overlap of the waveforms due to
the timestep resolution.
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Figure 4.11: A visualization of the data in table 4.1, where we have suppressed the mass ratios
and initial separations, and plot the χ1-χ2 plane, with the color scale indicating − log10(1 − O).
The size of the dot indicates the initial separation, with the larger dots being 50M and the smaller
dots being 100M . These overlaps were run on waveforms with a simulation duration of 50 orbits.
This parameterization of the color scale leads to the darker colors indicating a better overlap (the
number of nines is indicated on the scale).
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4.5 Eccentric, Precessing Binaries

We now move on to the most generic systems of binary black holes, ones with non-unity mass

ratios, spin orientations, and eccentricities. Since this parameter space is very large, we will use

a fiducial example for a demonstration of the orbital and waveform quantities, and know that the

formalism is generic for any set of mass, spin, and eccentricity parameters (as long as the founding

approximations of the PN approximation aren’t violated, i.e. the black holes do not get so close

together that v/c is no longer much less than one).

For the following example, we follow (Rodriguez et al., 2018) to draw a fiducial binary from

the histograms that globular cluster simulations produce. Other than picking physically relevant

parameters we do not restrict ourselves to any particular parameters.

The system that we chose to evaluate is a binary with an initial periastron passage of 35M ,

an eccentricity of 0.4, a mass ratio q = 3/2, and spin parameter values of χ1 = (−0.3, 0, 0) and

χ2 = (0, 0, 0.3). The initial periastron passage and initial eccentricity were selected such that a

binary with masses comparable to detected LIGO sources (we use a total mass of 25 solar masses

in the analysis of the gravitational waveform later to dimensionalize the units) would fall just into

the LIGO band at periastron. The chosen spin parameters have low spin to lie in the physically

relevant globular cluster results, and are initially strongly misaligned to give lots of spin-spin and

spin-orbit precession.

The extrinsic parameters for the waveforms that we chose for this fiducial system are optimized

for ease. The distance from the source we set to be 500 Mpc (a redshift of ∼ 0.1, small enough to

not need to take cosmological effects into account), with the initial orientation set to (i0, ω0,Ω0) =

(0, 0, 0). This is referred to as the optimal orientation, where the binary is face on (inclination

equal to zero), the argument of periapsis is set to zero (as a definition), and the longitude of the

ascending node is equal to zero. The binary will then evolve from this initial state. It is important

to note that this initial orientation sets the detector frame relative to the initial binary (which we

set to start on the x-axis), which is is enough to specify the evolved orientation of the binary with
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respect to the fixed detector frame. These parameters are enough to completely specify the binary

that we are describing (though it will not give sky localization, as this set of parameters is only for

one detector, and a second detector would be needed for localization purposes).

We start by evolving this binary and plotting the orbital trajectories and spin vectors, given in

figures 4.12, 4.13, and 4.14. The eccentricity of the orbit is measured following equation (4.21), from

which we calculate the eccentricity in the beginning of the evolution as einit = 0.449 at efin = 0.266.

The discrepancy between the initial eccentricity in the code and the eccentricity that we calculate is

surprising, and an area that I am still actively investigating. The first thing that I looked into is the

geometric definition in the literature. The two previous papers that use this geometric definition

are (Levin et al., 2011; Csizmadia et al., 2012), and it is called a loose definition. So a discrepancy

may be expected. My current thinking is the discrepancy is due to a fault with the eccentricity

definition itself, as this geometric definition is picking up the 1PN periastron precession term along

with the physical eccentricity. To test this, I ran a Newtonian simulation with the same eccentricity

and calculated the eccentricity vector, equation (4.18), and used it as a point-wise proxy for the

geometric definition. For a Newtonian orbit, it tracks the eccentricity correctly, but when the 1PN

terms are introduced, the measure is not as good, and modulates between ∼ 0.3 and ∼ 0.44, which

is close to the maximum eccentricity we observe here.

The eccentricity reduction can be observed fully in the orbital separation as a function of time

as given by (4.12), and has a reduction of ∼ 40% over the evolution.

With the orbital quantities, we can calculate the waveforms as well, using the waveform prescrip-

tion in section 4.3, using the quadrupole formula up to 2PN corrections. The results for the plus

polarization are tabulated in the following figures 4.15, 4.16, and 4.17. We use the plus polarization

to show the results, because the cross polarization will be similar in form.

We calculate the initial and final periastron and apastron gravitational wave frequencies directly

from the waveform as opposed to an approximate gravitational wave frequency from the orbital

frequency in order to be as accurate as possible in the calculation of the gravitational wave frequency

for the entry into a relevant detector (such as LIGO).
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Figure 4.12: The orbital separation as a function of time for the fiducial system that we lay out
above. The binary has an initial periastron passage of 35M , an initial eccentricity of 0.4, a mass
ratio q = 3/2, and initial spin parameter values of χ1 = (−0.3, 0, 0) and χ2 = (0, 0, 0.3). The orbital
eccentricity as the binary evolves is calculated from equation (4.21).

The spin precession frequency is calculated in the same way as the periastron and apastron

frequencies by the peak to peak calculation on the waveform. This is not an exact calculation for

this frequency, as the spin precession has some ambiguity in the waveform. Since one needs to

be able to define the peak in the precessional modulation, this may off by an orbit or two. For

the purposes of these calculations, we use the peak amplitude in the waveform for each larger spin

precession modulation, getting a value of 0.1 Hz.

An interesting note with these calculations is that the peak periastron frequency actually drops
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Figure 4.13: The individual components of the trajectory as a function of time in the center of
mass variables for the fiducial binary system that we outlined above. The binary has an initial
periastron passage of 35M , an initial eccentricity of 0.4, a mass ratio q = 3/2, and initial spin
parameter values of χ1 = (−0.3, 0, 0) and χ2 = (0, 0, 0.3). Note here the spin orbit coupling giving
rise to a non zero z component of the orbital motion.

with time. This appears to be an artifact of averaging over half an orbit. The period in the

later stages of the orbit are cleanly broken up into periastron and apastron frequencies. Also, it is

expected that the sharp periastron will smooth out as the binary circularizes.

Finally, there are several relevant detectors for this fiducial source. The periastron frequency

passage is at the threshold of detectability for LIGO/VIRGO at design sensitivity; it will fall into

the band for future LIGO upgrades such as A+; and third generation detectors will have both the
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Figure 4.14: The individual components of the total spin vectors as a function of time for the
fiducial binary system that we outlined above. The binary has an initial periastron passage of
35M , an initial eccentricity of 0.4, a mass ratio q = 3/2, and initial spin parameter values of
χ1 = (−0.3, 0, 0) and χ2 = (0, 0, 0.3). The spin-spin coupling leads to the spins precessing about
the total angular momentum.

periastron and apastron frequencies in band.

The precessional frequency will be detectible by planned space based detectors such as either

the eLISA mission or the full LISA mission, though the source outlined above will be too weak for

detection, these frequencies are in band if a nearby binary happens to have these parameters.
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Figure 4.15: The plus polarization of the waveform starting with an eccentricity of 0.4, and the
spin vectors χ1 = (−0.3, 0, 0) and χ2 = (0, 0, 0.3). The x-axis is time in seconds, where we have
dimensionalized the units by using a total binary mass of 25 solar masses. The y-axis is dimension-
less strain δL/L, where we have calculated the strain with a distance to the source at 500Mpc, and
and optimal orientation of the binary. See 4.5 for discussion on initial conditions. The measured
initial frequencies are 3.3Hz at apastron, and 17.3Hz at periastron. See 4.16 for zoom windows and
more discussion. The measured end frequencies are 8.8Hz at apastron and 14.8Hz at periastron.
In addition, the spin precession frequency of the gravitational wave are roughly 0.1Hz.
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Figure 4.16: A zoom plot of the eccentric waveform of the initial few orbits. The x-axis is time in
seconds, where we have dimensionalized the units by using a total binary mass of 25 solar masses.
The y-axis is dimensionless strain δL/L, where we have calculated the strain with a distance to the
source at 500Mpc, and optimal orientation of the binary, as discussed in 4.15. The initial apastron
and periastron frequencies are calculated by a peak to peak average of the waveform strain, which
is equivalent to an average over 180 degrees of the orbit. The apastron frequency that we calculate
is 3.3Hz, and the periastron frequency is 17.3Hz.
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Figure 4.17: A zoom plot of the eccentric waveform of the final few orbits. The x-axis is time in
seconds, where we have dimensionalized the units by using a total binary mass of 25 solar masses.
The y-axis is dimensionless strain δL/L, where we have calculated the strain with a distance to the
source at 500Mpc, and optimal orientation of the binary, as discussed in 4.15. The final apastron
and periastron frequencies are calculated by a peak to peak average of the waveform strain, which is
equivalent to an average over 180 degrees of the orbit, the same as the initial frequency calculation
in 4.16. The apastron frequency that we calculate is 8.8Hz, and the periastron frequency is 14.8Hz.
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4.6 Discussion

We have developed and constructed a direct integration of the PN equations of motion in the

harmonic gauge for the construction of eccentric binary black holes with arbitrary spins. This

work represents a major step forward for the modeling of these systems by extending known meth-

ods (such as Taylor T4, and the current LIGO scientific collaboration methods) to binaries that

evolve the spin procession equations and orbital motion equations for a fully generic waveform.

This formalism isn’t limited by eccentricity as the post-Keplerian eccentricity expansion models

(e.g. Gopakumar and Iyer (2002); Yunes et al. (2009); Huerta et al. (2014); Tanay et al. (2016);

Hinder et al. (2017)), and is capable of handling eccentricity along with spin precession (unlike

SEOBNRv3) (Pan et al., 2014).

We test the validity of this method by comparing to known results from the Taylor T4 method.

In particular, we look at the orbital frequencies produced by systems with the same initial condi-

tions, and compare. The results we find is that the relative difference in the orbital frequencies

is a strong function of separation, that doesn’t scale with a high order PN effect, and scales as a

function of separation as rs with s ≈ −4.5. This begs the question of what is causing this rapid

drop in relative difference as the separation is increased.

To investigate this, we need to consider what kinds of effects could be at play: this could be a

numeric effect (e.g., one of the codes isn’t calculating to the requisite precision, which is causing a

discrepancy at close separations where time steps are smaller); an eccentricity that is deviating the

orbit from quasi-circularity in the EOM code; or an effect of the adiabatic approximation breaking

down.

To test whether or not this is a numeric effect, we doubled the precision of both codes and re-ran

the test at 20M again, with the same results. Therefore, we conclude that this isn’t a numeric

issue. This is an eccentric effect, we ran the EOM code with different levels of the eccentricity

remover (which should, in principle, solve the quasi-circularity problem if indeed it is one), and

checked the relative differences. We find preliminarily that the residual eccentricity does scale the
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relative difference of the orbital frequencies, not quite one-to-one, and is removed by the iterative

eccentricity removal procedure. We will explore this more fully in future work. The final plausible

possibility is the adiabatic approximation breaking down at close separations, which leads to a

high discrepancy between the two methods. This is the most challenging possibility to eliminate.

The best method for tracing this is to orbit average all of the EOM code, essentially making it

adiabatic. We have done this for the lowest order Peters-Mathews test (0PN conservative terms,

with a 2.5PN radiation reaction term added), and find that this doesn’t seem to affect the evolution

at lowest order. Of course, to show that this is indeed unaffected in the general sense, we need to

go beyond the leading order evolutions and demonstrate this for 3.5PN. This is another area that

we are exploring and will be disclosing in future work.

We also compare the gravitational waveforms of T4 to EOM, maximizing over time and phase,

to give a quantification of the overlap. The results that we find are consistent with the findings of

the orbital frequency analysis: the overlap is a strong function of the orbital separation from 20M to

100M. This analysis will be redone in future work when we have the orbital frequency discrepancies

fully explored. The overlaps increase strongly as a function of mass ratio, with the best overlaps of

the waveforms we ran being at a mass ratio q = 100. In addition, we performed spinning waveform

overlaps to test the validity of the spins in the EOM code. We find that the spins do not modify the

overlap of the waveform when the effective spin of the binary remains zero, and drops the overlap

by about a percent when the spins are aligned and low spins (χ1 = χ2 = 0.3), to about two percent

when the spins are moderately spinning (χ1 = χ2 = 0.6). The overlap then gets better as the spin

gets stronger. We also tested the stability of the code to small perturbations in spin by giving

the EOM code a small non-zero spin unaligned with the orbital angular momentum, and found no

effect on the overlap.

Finally, we elucidated a fiducial binary system, with realistic parameters drawn from galactic

binary simulations, to demonstrate the flexibility and power of this direct integration EOM code.

We used initial conditions such that the binary would be in the very low frequency end of the LIGO

band at periastron, and let the binary evolve for 200 orbits. We then output the binary orbital
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trajectories, spins, and velocities. We recover the orbital plane precession of the binary due to

spin-orbit coupling, the spin-spin precession of the individual spins and spin totals, the eccentricity

reduction in the binary, and calculate the initial and final eccentricity of the binary using our

geometric definition. We take the orbital quantities and calculate the waveform, recovering the

eccentric signal imprinted on the outgoing gravitational radiation, estimate the periastron and

apastron frequencies of this radiation, and show the spin precession modulation that is also imparted

on the binary. We do this for an optimally oriented binary, but leave the code generic so that any

binary orientation can be used, providing us with a fully generic, precessing, eccentric binary

waveform.

4.7 Final remarks and Tabulated PN Terms

4.7.1 T4 Energy and Flux Terms

The energy and flux terms for the Taylor T4 method are enumerated in this section. These

terms are explicitly given in (Ajith et al., 2007).

For the purpose of defining the energy and flux, we define the spin parameters:

χ1,2 ≡ S1,2/M
2
1,2,

χs ≡ (χ1 + χ2)/2,

χa ≡ (χ1 − χ2)/2. (4.39)

We also define χa and χs to be the components of the spin vectors perpendicular to the orbital

plane, χs ≡ χs · ` and χa ≡ χa · `, with ` being the unit vector along the Newtonian angular

momentum.

The energy term is:

E(v) = −Mηv2

2

{
1 + v2

(
−3

4
− η

12

)
+ v3

[
8δχa

3
+

(
8

3
− 4η

3

)
χs

]
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+v4

[
− δχaχs −

η2

24
+ (4η − 1)χ2

a +
19η

8
− χ2

s −
27

8

]
+v5

[
χa

(
8δ − 31δη

9

)
+

(
2η2

9
− 121η

9
+ 8

)
χs

]
+v6

[
− 35η3

5184
− 155η2

96
+

(
34445

576
− 205π2

96

)
η − 675

64

]}
, (4.40)

with derivative

E′(v) = −Mηv

{
1 + v2

(
− 3

2
− η

12

)
+ v3

[
20δχa

3
+

(
20

3
− 10η

3

)
χs

]
+v4

[
− 6δχaχs −

η2

8
+ (12η − 3)χ2

a +
57η

8
− 3χ2

s −
81

8

]
+v5

[
χa

(
28δ − 217δη

18

)
+

(
7η2

9
− 847η

18
+ 28

)
χs

]
+v6

[
− 35η3

1296
− 155η2

24
+

(
34445

144
− 205π2

24

)
η − 675

16

]}
. (4.41)

The Flux terms are:

F(v) =
32

5
v10η2

{
1 + v2

(
− 1247

336
− 35

12
η

)
+ v3

[
− 11δχa

4
+

(
3η − 11

4

)
χs + 4π

]
+v4

[
33δχaχs

8
+

65η2

18
+

(
33

16
− 8η

)
χ2
a +

(
33

16
− η

4

)
χ2
s +

9271η

504
− 44711

9072

]
+v5

[(
701δη

36
− 59δ

16

)
χa +

(
− 157η2

9
+
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16
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χs −

583πη

24
− 8191π
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+v6

[
− 1712

105
ln(4v)− 1712γ
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− 775η3

324
− 94403η2

3024
+

(
41π2

48
− 134543

7776
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η +

16π2

3
+

6643739519

69854400

]
+v7

[
193385πη2

3024
+

21745πη

1728
− 16285π

504

]}
, (4.42)

where γ is the Euler Gamma.

The transfer of energy from the orbit to each black hole in the binary is due to tidal heating.

It’s the absorption of gravitational radiation from the tidal distortion of each horizon due to the

tides of the other. In particular, the rate of change of mass due to tidal heating is (Alvi, 2001):

Ṁ(v) =
32

5
v10η2

{
− v5

4
[(1− 3η)χs(1 + 3χ2

s + 9χ2
a) + (1− η)δχa(1 + 3χ2

a + 9χ2
s)]

}
. (4.43)
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DISCUSSION

5.1 Summary and Conclusions

In this dissertation, we develop and present analytic methods for constructing binary black hole

spacetimes with spins, as well as dynamics and gravitational waveforms from eccentric, precessing

binaries. This work is a major step forward for the modeling of the dynamics of spinning black holes,

both in the presence of matter, and in vacuum simulations with the most generic parameters. This

dissertation is divided into two main projects, each studying the effects of spins in binary black hole

spacetimes. In chapter 3, we use the post-Newtonian method in the harmonic gauge, up to 3.5PN

order, which we stitch to black hole perturbation theory in the inner zone, and post-Minkowski

theory in the far zone through a procedure known as asymptotic matching. In chapter 4, we

develop a post-Newtonian method for calculating eccentric, precessing binaries. These studies both

contain significant extensions to previous work. Aligned spin effects are included in the binary

black hole spacetime construction project, and we observe known effects such as the orbital hang-

up effect, which are absent in previous non-spinning analytic metric work (Mundim et al., 2014).

Eccentric and precessional effects in the PN orbital evolution and gravitational radiation models

are an advancement on currently utilized PN waveform models such as Taylor T4, SEOB models,
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and IMR models. We observe the drastic qualitative and quantitative differences in the waveforms

due to eccentricity and precession, and for the first time, compare those differences to other known

PN effects.

5.1.1 Validity of the Approximate Analytic Spacetime with Spins

We test the validity of our constructed analytic metric in several quantitative ways. We calculate

the norm of the Ricci scalar and show that it is comparable to the non-spinning case, and that it

doesn’t deviate much from an exact solution of the Einstein equations (i.e., R = 0). This metric

is valid on all hypersurfaces, and not for just initial data, as has been explored in previous work

(Gallouin et al., 2012). We test this by evolving the Ricci scalar in time. No spurious errors were

observed that would break down the metric faster than the expected breakdown due to PN theory.

The behavior we observe in the Ricci evolution is a smooth increase in the violation to the Einstein

field equations due to the slow motion assumption breaking down as the BHs inspiral, just as

expected.

We use an additional tool to our Ricci analysis to lend diversity, in the form of the Kretschmann

invariant (see equation (3.36)). It has several desirable features, in that it holds the error low in

the inner and near zones, and it is an invariant with a natural scale for comparison. This is helpful,

because the regimes of interest in this analytic metric for GRMHD studies are in the exact region

near the black holes, in the inner zone, near zone, and inner zone/near zone buffer zone.

5.1.2 Approximate Analytic Spacetime with Precession

The construction of an analytic, approximate spacetime with precessing black hole binaries

expands on our previous aligned spin work. The only difference from aligned spins is due to the

misalignment which leads to the spin precession. The matching order to which we carried out

this work was O[(m2/b)
3/2], whereas the leading order effect due to the spin precession arises from

the time derivatives of the 0th order coordinate transformation, and is estimated at an order of

O[|~χ2|(m2/b)
2]. Therefore, the violations of the new approximate spacetime will be similar to the
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aligned spin violations. However, higher order matching will change this picture, as the coordinate

transformations from the asymptotic matching will have a completely different form, that cannot

be described by a simple extension of the nonspinning matching, due to the precession of the spins.

5.1.3 Comparison of the Direct Equations of Motion

We test the validity of the direct integration Equations of Motion with the Taylor T4 method,

both by comparing the orbital frequencies and the gravitational waveforms. We find the orbital

frequency difference is a strong function of separation that doesn’t scale with a high order PN effect.

We also compare the waveforms of T4 and the EOM method by an overlap, maximizing over time

and phase, to quantify the waveforms directly. To our knowledge, this is the first time that these

comparisons have been done in the literature, which is very important, as PN is a non-convergent

series, and as we saw, different approaches need not necessarily agree. We find consistent results

with the orbital frequencies, scaling strongly with separation. In addition, the overlaps increase

dramatically with mass ratio. The spin values don’t change the overlap qualitatively while the

effective spin is zero, and the overlap decreases by a few percent when the spins are aligned with

the orbital angular momentum.

5.1.4 Eccentric, Precessing, Binaries

To demonstrate the direct EOM code, we created a fiducial binary system with parameters

motivated by recent galactic binary simulations. The initial parameters were chosen such that

the binary would enter the LIGO band at periastron, with spin parameters chosen such that

the spins are misaligned to maximize the precession. The orbital plane precession of the binary

due to spin-orbit coupling, the spin-spin precession of the individual spins and spin totals, the

eccentricity reduction in the binary are all recovered, and we calculate the eccentricity of the

binary. We calculate the waveform from the orbital quantities, imprinting the eccentric signal onto

the waveform from the orbital quantities, and the spin precession modulation. We estimate that

the initial gravitational wave frequency at periastron of ∼ 17Hz, and an apastron gravitational
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wave frequency of ∼ 3Hz, which circularizes over the orbit to a final apastron gravitational wave

frequency of ∼ 9Hz, and a periastron gravitational wave frequency of ∼ 15Hz.

5.2 Future Work

Possible extensions to the spacetime project outlined in chapter 3. As soon as the approximate

PN equations of motion are complete, we can apply the orbital motion with spin precession, which

will allow us to extend the spacetime with precessing spins to dynamically evolve. This would make

it possible to use with GRMHD simulations to study gas dynamics in the circumbinary disk and

mini disks around each black hole with precessing spins for the most generic black hole evolutions

in the inspiral regime.

In addition, we can extend the matching to higher than first order (O[m2/b]) for more accuracy

in our spacetime. By carrying out the asymptotic matching to higher orders (O[m2/b]
2), following

the nonspinning work of (Mundim et al., 2014), we will be able to push down the error in the

buffer zones, which is the region of most interest for GRMHD simulations, and also pick up spin

dynamic effects, which will introduce spin terms into the coordinate transformations and allow for

precessional effects to enter into the matching calculations.

To expand on the work done in chapter 4, there are recent published papers pushing the EOM

in the harmonic gauge to the next highest order (O(4PN)), which we can implement for a more

accurate EOM (Bernard et al., 2018). The next step with the overlaps will be to test the effects

of eccentricity with the implemented eccentric waveform models that are available, such as the

eccentricFD model and eccentricTD model. We will then be able to re-run the overlap with eccentric

waveforms for a direct comparison of eccentric binaries. In addition, we’ll be able to compare to

precessional models such as SEOBNRv3, and IMRPhenomP, to directly quantify any differences in

the approach for the first time. These waveform models are currently implemented into the LIGO

scientific collaboration’s algorithm library suite (LALsuite), and we can incorporate our eccentric,

precessing method into LALsuite as well, for future use for detection searches. Another path that
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awaits exploration is to compare our approximate PN model directly to numerical relativity. This

will allow us to unambiguously compare our method with the exact solution to the relativistic two

body problem. After the comparisons are complete, we will be able to generate generic waveforms

in the early inspiral, which will allow us to stitch the PN regime to the numerical relativity regime

via waveform hybridization, for a fully complete, binary waveform model with eccentricity and spin

precession.

This is an exciting and interesting time to study binary black holes. In addition to the LIGO

detectors, which are entering their third observation run later this year, the third generation grav-

itational wave detectors are being planned and are getting underway. These detectors will be able

to see out to cosmological distances, and will pick up the vast majority of stellar mass binary black

hole coalescences in the universe, including any eccentric in-cluster mergers. The LISA detector

will also be launching in the next 20 years, which will open up the possibility of supermassive black

hole binary coalescence detections, which can also have significant eccentricity all through the LISA

band. The eccentric binary model that I’ve developed will be vital in the characterization of the

most generic black hole binaries that nature can provide.
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T. Bode, T. Bogdanović, R. Haas, J. Healy, P. Laguna, and D. Shoemaker, ApJ 744, 45 (2012),

arXiv:1101.4684 [gr-qc] .

M. Pahari and S. Pal, Mon. Not. Roy. Astron. Soc. 409, 903 (2010).

B. D. Farris, Y. T. Liu, and S. L. Shapiro, Phys. Rev. D 81, 084008 (2010), arXiv:0912.2096

[astro-ph.HE] .

B. D. Farris, Y. T. Liu, and S. L. Shapiro, Phys. Rev. D 84, 024024 (2011), arXiv:1105.2821

[astro-ph.HE] .

B. D. Farris, R. Gold, V. Paschalidis, Z. B. Etienne, and S. L. Shapiro, Phys. Rev. Lett. 109,

221102 (2012), arXiv:1207.3354 [astro-ph.HE] .

B. D. Farris, P. Duffell, A. I. MacFadyen, and Z. Haiman, ApJ 783, 134 (2014), arXiv:1310.0492

[astro-ph.HE] .

B. D. Farris, P. Duffell, A. I. MacFadyen, and Z. Haiman, Mon. Not. Roy. Astron. Soc. 447, L80

(2015), arXiv:1409.5124 [astro-ph.HE] .

B. Giacomazzo, J. G. Baker, M. C. Miller, C. S. Reynolds, and J. R. van Meter, Astrophys. J.

752, L15 (2012), arXiv:1203.6108 [astro-ph.HE] .

R. Gold, B. Farris, V. Paschalidis, Z. Etienne, and S. Shapiro, in APS April Meeting Abstracts

(2013) p. H8002.

R. Gold, V. Paschalidis, M. Ruiz, S. L. Shapiro, Z. B. Etienne, and H. P. Pfeiffer, Phys. Rev. D

90, 104030 (2014), arXiv:1410.1543 .

160

http://dx.doi.org/ 10.1103/PhysRevLett.111.241104
http://dx.doi.org/ 10.1103/PhysRevLett.111.241104
http://arxiv.org/abs/1304.6077
http://dx.doi.org/10.1088/0004-637X/715/2/1117
http://arxiv.org/abs/0912.0087
http://dx.doi.org/10.1088/0004-637X/744/1/45
http://arxiv.org/abs/1101.4684
http://dx.doi.org/10.1111/j.1365-2966.2010.17378.x
http://dx.doi.org/10.1103/PhysRevD.81.084008
http://arxiv.org/abs/0912.2096
http://arxiv.org/abs/0912.2096
http://dx.doi.org/10.1103/PhysRevD.84.024024
http://arxiv.org/abs/1105.2821
http://arxiv.org/abs/1105.2821
http://dx.doi.org/ 10.1103/PhysRevLett.109.221102
http://dx.doi.org/ 10.1103/PhysRevLett.109.221102
http://arxiv.org/abs/1207.3354
http://dx.doi.org/10.1088/0004-637X/783/2/134
http://arxiv.org/abs/1310.0492
http://arxiv.org/abs/1310.0492
http://dx.doi.org/10.1093/mnrasl/slu184
http://dx.doi.org/10.1093/mnrasl/slu184
http://arxiv.org/abs/1409.5124
http://dx.doi.org/10.1088/2041-8205/752/1/L15
http://dx.doi.org/10.1088/2041-8205/752/1/L15
http://arxiv.org/abs/1203.6108
http://dx.doi.org/10.1103/PhysRevD.90.104030
http://dx.doi.org/10.1103/PhysRevD.90.104030
http://arxiv.org/abs/1410.1543


Bibliography

S. C. Noble, B. C. Mundim, H. Nakano, J. H. Krolik, M. Campanelli, Y. Zlochower, and N. Yunes,

Astrophys. J. 755, 51 (2012), arXiv:1204.1073 [astro-ph.HE] .

M. Zilhao, S. C. Noble, M. Campanelli, and Y. Zlochower, Phys. Rev. D91, 024034 (2015),

arXiv:1409.4787 [gr-qc] .

M. Zilhão and S. C. Noble, Class. Quant. Grav. 31, 065013 (2014), arXiv:1309.2960 [gr-qc] .

N. Yunes, W. Tichy, B. J. Owen, and B. Bruegmann, Phys. Rev. D74, 104011 (2006), arXiv:gr-

qc/0503011 [gr-qc] .

N. Yunes and W. Tichy, Phys. Rev. D74, 064013 (2006), arXiv:gr-qc/0601046 [gr-qc] .

N. K. Johnson-McDaniel, N. Yunes, W. Tichy, and B. J. Owen, Phys. Rev. D80, 124039 (2009),

arXiv:0907.0891 [gr-qc] .

T. Bogdanovic, C. S. Reynolds, and M. C. Miller, Astrophys. J. 661, L147 (2007), arXiv:astro-

ph/0703054 [astro-ph] .

M. C. Miller and J. H. Krolik, ApJ 774, 43 (2013), arXiv:1307.6569 [astro-ph.HE] .

K. A. Sorathia, J. H. Krolik, and J. F. Hawley, ApJ 777, 21 (2013), arXiv:1309.0290 [astro-ph.HE]

.

M. Campanelli, C. O. Lousto, and Y. Zlochower, Phys. Rev. D74, 041501 (2006b), arXiv:gr-

qc/0604012 [gr-qc] .

M. Campanelli, C. O. Lousto, and Y. Zlochower, Phys. Rev. D 74, 084023 (2006), astro-ph/0608275

.

C. O. Lousto and J. Healy, (2015b), arXiv:1506.04768 [gr-qc] .

M. Campanelli, C. O. Lousto, Y. Zlochower, and D. Merritt, Phys. Rev. Lett. 98, 231102 (2007a),

arXiv:gr-qc/0702133 [gr-qc] .

161

http://dx.doi.org/ 10.1088/0004-637X/755/1/51
http://arxiv.org/abs/1204.1073
http://dx.doi.org/10.1103/PhysRevD.91.024034
http://arxiv.org/abs/1409.4787
http://dx.doi.org/10.1088/0264-9381/31/6/065013
http://arxiv.org/abs/1309.2960
http://dx.doi.org/10.1103/PhysRevD.74.104011
http://arxiv.org/abs/gr-qc/0503011
http://arxiv.org/abs/gr-qc/0503011
http://dx.doi.org/10.1103/PhysRevD.74.064013
http://arxiv.org/abs/gr-qc/0601046
http://dx.doi.org/10.1103/PhysRevD.80.124039
http://arxiv.org/abs/0907.0891
http://dx.doi.org/10.1086/518769
http://arxiv.org/abs/astro-ph/0703054
http://arxiv.org/abs/astro-ph/0703054
http://dx.doi.org/10.1088/0004-637X/774/1/43
http://arxiv.org/abs/1307.6569
http://dx.doi.org/10.1088/0004-637X/777/1/21
http://arxiv.org/abs/1309.0290
http://dx.doi.org/10.1103/PhysRevD.74.041501
http://arxiv.org/abs/gr-qc/0604012
http://arxiv.org/abs/gr-qc/0604012
http://dx.doi.org/10.1103/PhysRevD.74.084023
http://arxiv.org/abs/astro-ph/0608275
http://arxiv.org/abs/1506.04768
http://dx.doi.org/10.1103/PhysRevLett.98.231102
http://arxiv.org/abs/gr-qc/0702133


Bibliography

M. Campanelli, C. O. Lousto, Y. Zlochower, and D. Merritt, Astrophys. J. 659, L5 (2007b),

arXiv:gr-qc/0701164 [gr-qc] .

M. Koppitz, D. Pollney, C. Reisswig, L. Rezzolla, J. Thornburg, P. Diener, and E. Schnetter,

Physical Review Letters 99, 041102 (2007), gr-qc/0701163 .
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(2012), arXiv:1207.0001 [gr-qc] .

F. Antonini and F. A. Rasio, ApJ 831, 187 (2016), arXiv:1606.04889 [astro-ph.HE] .

J. Samsing and D. J. D’Orazio, ArXiv e-prints (2018), arXiv:1804.06519 [astro-ph.HE] .

C. O. Lousto and J. Healy, Phys. Rev. Lett. 114, 141101 (2015c), arXiv:1410.3830 [gr-qc] .

M. Campanelli, C. O. Lousto, H. Nakano, and Y. Zlochower, Phys. Rev. D 79, 084010 (2009),

arXiv:0808.0713 [gr-qc] .

N. Loutrel, S. Liebersbach, N. Yunes, and N. Cornish, ArXiv e-prints (2018), arXiv:1801.09009

[gr-qc] .

N. Yunes, K. G. Arun, E. Berti, and C. M. Will, Phys. Rev. D 80, 084001 (2009), arXiv:0906.0313

[gr-qc] .

R.-M. Memmesheimer, A. Gopakumar, and G. Schäfer, Phys. Rev. D 70, 104011 (2004), gr-
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