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Figure 3.4: ROC curves comparing F-statistic, B-statistic, and the perfect-match likelihood ratio
L(As). The signal populations consist of a linearly polarized signal with cos: = 0 and ¥ = 0 (top left
panel), a nearly circularly polarized signal with cos¢ = 0.99 and ¢ = 0 (top right panel), while the
second set shows the case where the signals are drawn from a population of randomly distributed cos ¢
and 1, according to the isotropic prior (cf. 3.3.1), with a fixed SNR of 4 (bottom left panel) and a
fixed amplitude of hy = 101/S,, (bottom right panel). For all linearly polarized sources, the F-statistic
does better while in the case of all nearly-circularly polarized sources the B-statistic is more powerful.
In the case of signals drawn from an isotropic prior, the B-statistic is more powerful. Taken from [9]

They also looked at to two more realistic cases, in which the signals are drawn from a population of
randomly distributed cos: and 9, according to the isotropic prior (cf. section 3.3.1), with a fixed SNR
of 4 (left panel) and a fixed amplitude of hg = 10+/S,, (right panel). The resulting ROC curves are
shown in the bottom row of figure 3.4. Its clear that in these case, the B-statistic is the more powerful
of the two, having higher detection probabilities at every false alarm rate. It should be noted that if

the signals populations were draws instead from the isotropic prior with a uniform hg prior, then the
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B-statistic would always be more powerful but we cant simulate this since the prior is improper. The
analysis of Prix and Krishnan shows that even when different signal priors are chosen, the B-statistic

will be more powerful unless the source is assumed to be linearly polarized.
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Chapter 4

B-Statistic Approximation

From the last chapter, we now have explicit and exact equations for both the B-statistic and the
F-statistic. The formula for the F-statistic is rather straightforward, however the equation for the B-
statistic, while potentially more useful, requires a non-analytic integral which can be computationally
inefficient to evaluate numerically. Considering figure [3.2, we notice that the metric components K
and L are small compared I and J. This implies that it is possible to Taylor expand the log-likelihood
ratio about these points. In this chapter, we present an analytical approximation to the B-statistic
obtained via this Taylor expansion which not only has the correct form at the extremes of ER and A\L,
but also for specific choices of prior distributions. We compare this approximation to the numerically
evaluated B-statistic and the F-statistic for different false alarm rates and points in the parameter

space to determine which is the most powerful statistic.

4.1 Derivation

Likelihood Ratio
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4.1. Derivation

The first thing we will compute is the form of the log-likelihood ratio, A({A#};z). In this case, the

data vector z; takes on the following form in CPF-polar coordinates,

Ty = IER cos <$R + LEL cos $L - KEL sin $L (4.1.1a)
Ty = IER sin QASR + KEL cos <$L + LA\L sin $L (4.1.1b)
Ty = LER cos ;ZS\R + KER sin d?R + JIZL cos (EL (4.1.1c)
Ty = —KA\R cos (;ASR—i—LA\R SinggR—l—JA\L sinQASL . (4.1.1d)

We know from equation (3.2.6) that the log-likelihood ratio can be written as A({A"};z) = Afz; —

%AﬂMﬁgAD. Using the above data vector, the linear part of the log-likelihood ratio becomes
Aﬂxﬂ = Ap(xy cos pr + x5 8in @) + A (2508 ¢, + xysin ) . (4.1.2)
If we look at just right component (the piece involving Ay), it can be simplified as

Ag (x5 cos pr + x5 510 ¢ ) = AR(LZfR cos aﬁ coS g + LEL cos $L COS ¢p + IER sin (ER sin ¢
+ LA\L sin QASL sin ¢p — KEL sin $L cos ¢Pr + KA\L cos ggL sin ¢y)
= Ay [14, 008 (B — 64) + LA, c05 (3, — én) — K A, sin (3, — 6)] -
(4.1.3)

If we do the same for the left component of equation (4.1.2) and combine the two, we see that

Aﬁx“ =Ax |:IA\R COs ($R - d)R) + LIZI-\L Cos ($L - ¢R) - KA\L sin ((EL - ¢R)]
8 (4.1.4)

+ A, |:LA\R COs ((ZR - ¢L) + JJZ[L Cos ($L - ¢L> - KA\R sin (¢L - $R):| .

For the quadratic portion of the likelihood, we can use equations (3.3.18) and (3.3.19) and find that

%AﬁMﬁpA" - %IAﬁ + %JAE b A Ay [K sin (én — 60) + L cos (én — 6.)] - (4.1.5)
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The full log-likelihood ratio can now be written in the CPF-polar coordinates as

A({A"};2) = CoI + C1J + CoL + O3 K

= [—;Ai + A A, cos ((ZR - d)R)] I+ {—;AE + A A, cos (;5L - ngL)] J
(4.1.6)

+ [—ARA\L sin (aL — ¢r) — ALA\R sin (¢, — (ZR) — AR A, sin (¢g — ¢L)] K

+ |:AR/Z[L COSs (;ZgL - ¢R) + ALA\R COSs (;Z;R - ¢L) — AR A, cos (¢R - ¢L):| L,

where we have separated the terms into pieces C, ({A*}; x), with x = {0, 1, 2,3}, which depend on the

individual metric components I, J, K, L respectively.

B-statistic Integral

Now we will consider equation (3.3.4) in physical coordinates. Assuming a uniform prior of the form
pdf(ho, X, 1, ¢o|Hs) = const , (4.1.7)

we can write the B-statistic integral as

B(x) o / / / / eMhoX¥:903) qh dy dyp depy (4.1.8)

The Jacobian for coordinate transformations between the physical and CPF-polar coordinates was

found in [I4] as (AxA,)"'/2. Using this we can rewrite this integral as

00 oo 21 21 A($r,r,An, AriT)
B(x oc/ / / ————— d¢p do, dAR dA, . 4.1.9
(@) o Jo Jo 0 VARAL R ( )

Since the metric components K and L are both small, we can consider them separately (i.e. assume
K = 0 when doing the integration involving L and L = 0 when dealing with K). Considering the

integration involving L first, we can substitute in equation (4.1.6) under the assumption K = 0 and
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we obtain

eCOI-'rClJeCQ
B(Jf) 0.8 / W d¢R d(bL dAR dAL

_ / €CoI+C1J {eL[ARZL cos ($L—¢R)+A,_ZR cos ($R—¢L)—ARA,_ cos (¢pr—1)] d(bR d¢L dAR dAL
VARAL

Col+C1J Py ~ ~ ~
o [ o 1+ A cos (5= 0L+ AuAcos (5 = )L = A o8 (6 — )L d db dA d,

Col+CJ R Col+CJ ” _
/ ¢ db. dAgdA, + LA, / € Ancos (6 = 00) 4 16 dA, dA,

JAA, VARAL
CoI+C1J _ Col+C1J _
+LA / AACj(qu 1) d¢Rd¢LdARdAL_L/€ : A\fﬁ;jfs(‘f’ﬁ ) 45y dy dAq dA, |
(4.1.10)

where we have done a first order Taylor expansion of €“? in the third line.

We will now examine each integral of equation (4.1.10) separately. Looking at the first term and

substituting in the form of Cyl + C1J, we have

C(JI+CIJ 2 11 2 1J 2 IA A ((13 ) ’ JALA (Ai b1) (15 10)
rAR COS (pr—r LA €OS (Pr L d d dA dA
ﬁ R L / / / \/74/4 /(; ¢ ’ N ' '

(4.1.11)
Now using the Jacobi-Anger expansion (see [40]), we can show that fo% e®<30df = 2nIy(z) which
allows us to perform the angular integrals of equation (4.1.11) and get

C’OI+01J

VAA,

—3IAZ-3JA7
CVAA

) 0o e_EIAg - 0 e—%JAE ~
=ar | AL | S (AL dALdA,

Aoy dp, dAy dA, = 47° / / Io(TARA) o (JALAL) dA, dA,

(4.1.12)

Its worth noting that, even though the term inside the cosine function is actually (constant—60) instead
of just 0, since the integral is over the entire unit circle the results will be the same regardless of the
phase shift. The integrals over Ay and A, can also be done analytically, using identity 11.4.28 of [40],
which states that

o T(iv+ Iu)kby 11 b?
—a?t? -1 2 2 2a
t*=L T, (bt)dt = Fizv+-pr+1,—
/O e (bt) T 1) 1(2u+2u v+ 4a2>

(4.1.13)
for Re(p+v)>0 and Re(a?)>0.
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Here, I'(z) is the gamma function, J,(z) is the Bessel function of the first kind and 1 F} (a, b, ) is the

confluent hypergeometric function of the first kind whose series form is given by

= (a) 2"
1F1 CL b Z Z:biki (4.1.14)

where (a); and (b); are Pochhammer symbols expressible as (z), = z(z+1)...(x +n —1).

If we use the fact that I,,(x) = i~ "J,(ix) and assume an imaginary b, we are able to write the

above identity in terms of modified Bessel functions of the first kind as follows,

oL, bt F(Av+ip(3o)” 1 1 b2
a“t t,u 1Iu dt = 2 2a F, - = 1. —
/0 e 20T (v + )i 1r1 21/—1—2%1/—1— a2

(4.1.15)
for Re(u+v)>0, Im(b) and Re(a?) >0,

If welet v =0, p=1/2, b =iJA, and a®> = (1/2)J we can evaluate the A, integral and equation

(4.1.12) becomes

eCOI+C1J 9 e_%IAz -~ F(%) 1 1 ~
. b dd. dA, dA, = 4 I (IALA, )R (51,2042 )| da,
i o, =z [ )[(22J4)”(4 2’ ﬂd

(4.1.16)
If we do the same thing for the Ay integral we arrive at our final result for integration of the first term

of equation (4.1.10),

ePoltent R 1 72 1 72
First Term: dog dp, dAg dA, = 47° | —— | 11 f,l,fIA -1, = JAL .
. / Nz [ 2(IJ)J ' <4 > <4 )

(4.1.17)

Now examining the second integral of the simplified B-statistic, we see that the form of the ¢,

integral is the same as for the first integral so it can be carried out the same way. Thus, we have that

LA / COI+ClJA coS (¢ ¢R)

dpr doy dAy dA,
VAL Pr do

27 —lIAZ—lJAzA = =R
—or AL / / / C el () cos (9, — ) [Io(JALAL)| doy dAy dA, .

- VAA
(4.1.18)
If we set 0 = (ZR — ¢, then cos ((EL — ¢r) becomes
cos (qAS — ¢r) = cos (0 (¢ qSL)) = cos 6 cos ((;ASR — $L) + sin fsin ($R - (ZL) . (4.1.19)
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If we plug this back into equation (4.1.18), the term involving sines will integrate to zero since its the
symmetric integral of the product of an even and odd function. However the integral involving cosines
will not be zero since cosine is an even function. The ¢, integral can now be evaluated using a more
general result of the Jacobi-Anger expansion which tells us that f027r e®% cos (nh)dh = 2rl,(z) (see

identity 10.32.3 of [41]). With this, we see that

LA / eI Ay 008 (6, — n)
' VARA,

= 471'2[11& cos (g/b\R - QZL) / /
o Jo

dor dp, dAy dA,

oty (4.1.20)

A INJAANT (TARAL) dA, dA,
VALA,

The A, and Ay integrals can be evaluated the same way as before, only with » = 1 and p = 3/2 in
the case of the Ay integral. Note that since v is no longer zero for the A, integral, the term (b/a)
in the coefficient of equation (4.1.15) will now contribute and give rise to imaginary values, since b is
itself imaginary, but this will be canceled out by the i™" term. This give us the following result for

the second integral:

COI+ClJAR COos (¢A5L - ¢R)

VALA,
SN ~  ~_[(dHreé 1 1 -~ 1 -
= 4n? LA, Ay cos (¢ — by) [(4)@4)} B (47 1, 2JA§) P (2,2, 21A§> )

dor dp, dAx dA,

Second Term: LA\L/e

(4.1.21)

Upon inspection, its clear that the third term of equation (4.1.10) is the same as the second, only with

the dependencies on Ay and A, reversed. This implies that the result of the third integral is

eCol+C1T A cog ($R — o)

VALA,
— 472LA, A, cos ((ER — ;ﬁ\L) [

dos do, dAg dA,

rHr - .
(4)()] 1Py (1,1,11A§> ol (5,2, 1JA§> :
23(1.) 472 172

Third Term: LA\R/

Ot

NG

(4.1.22)

Finally, we turn our attention to examining the fourth term of the B-statistic integral. Using the

trigonometric identity

cos(A— B+ C) = cos Acos B cos C+cos Asin Bsin C —sin A cos Bsin C' +sin Asin BcosC', (4.1.23)
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it can be simplified as

eCol+CT AL A, cos (¢r — ¢1)
L / Ny s dm dby d Ay dA,
= L/ COH_ClJ\/MCOS [ ) — (o — QEL) + (QASR - $L)j| dor doy dAg dA,
=L / eCo IO JA A cos(dn — dr) cos(dr, — ¢y ) cos(dn — br) dog ddy, d Ay dA,
(4.1.24)
+L / eCoTtOT [ AL A, cos(dn — dr) sin(y, — ¢y ) sin(dn — ¢r) dog dby, dAy dA,

~L / eCoT+C1T AL A, sin(dg — dr) cos(dy, — ¢u) sin(dn — b1) dn dby. d Ay dA,

+L / eColtOT [ AL A, sin(dn — dr) sin(dy, — ¢y) cos(dr — b1) dow dby, dAg dA, .

Now, the last three of these integrals all involve the sine of ¢y or ¢,. When looking at the integrals over
these two quantities, the equations will have the integral over all space of an even function (ec*%(#))
times an odd function (sin(z)) where = (¢ — dx) or & = (¢, — &,). Because of this, the angular
integrals of the terms involving sines of the CPF-polar coordinates will vanish, leaving us with only
the first of the above integrals which can be evaluated using the same methods as were used for the

first three integrals of this section.

dor dp, dAg dA,

L/ eCOIJFClJARAL cos (pr — ¢1)
VARAL

= L/ec‘)l'*‘cl‘]\/ARAL cos(¢n — dn) cos(dr, — 1) cos(dn — :é\L) dr dopy dAg dA,

2 VTP R (4.1.25)
=4 Lcos d)L / / I (1Ag A )1 (JALAL) dA, dAg
\/A A,
I'(3)? 5 1 - 5 1 -
— 472LA A, Dl 1P (5.2, 2 TA2 ) By (5,2, JA7 )
T COS((Z5 ¢)|: (IJ)% 141 4a 72 r | 141 4a 72J L
So we find that
Col+C1J 4 A _
Fourth Term: L/e A\P}A;ZOS (0 = 91) dop do, dAy dA,
= 4n®LA, A, cos (n — ¢y RGN A (22 a2 (2, 14
- LR R L 2%(IJ)% 141 4752 r | 141 4772 L .
(4.1.26)

If we now combine equations (4.1.17), (4.1.21), (4.1.22) and (4.1.26)), we can write the complete
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B-statistic integral as

1 1~ 1 1~
B(J?) X 1F1 <47172IAE2{) 1F1 (47172‘]‘43)

T Fy(22,4142)\
1—|—cos(¢)R—¢L)( (‘11)> E4 2 ) A AL
4

-~ /T(5 1 Fy (5,2, A2 PN
+ cos (¢r — P1) <FE%)) <1 : ) ARA L
/) \ R (z’ 1,1742
F (3,2, 1142 Fy (3,2, 1742
~ . F(§)2 11\ 2,43 R 11\ 1,43 L ~ ~
— COS (¢R ¢L) (F 411 2) 1 1~ 1 PR ARALL
() 1B (1,17 51 ;2{) 151 (17 L,5J E)

(4.1.27)

Since any quantity of the form In(A[1 + Bz + O(z?)]) can be written as In(A4) + Bz + O(z?), we can

rewrite this as

B(z) _ 1 1.~ 1 1
n |:B(O):| = ImA <4’1’2IAR +1IniFy 171,§JAL

5 g 1142 5 5 1722

+ A A Leos (B — 30| (B i (3,2,3142) NUGNE 1 (5.2.408)

whibeos (0= 00| (p) L1 14 (L T

DAV (RS MU DA W (KR

(4.1.28)

Now we can use this along with the fact that F?(JZF)Z) = z to express In(B(z)/B(0)) for the K = 0 part

of our approximation in its most compact form as

B(x 1 1.~ 1 1~
1n|: ( ):| — lanl (4,1721A§>+IH1F1 (4,172JA3

5(0)
L R (32R) R (32,5082
+ZARALLCOS(¢R—¢L) 4 _
A5 L3A) R (51,5042) (4.1.29)
(1) 1F (%’27%“12{) £ (%Z%JEE)
Vo (L1,3182) 1 (41,00 42)

Now, considering the L = 0 piece, we can use the same integration techniques we used for the K =0
piece. The only difference is that we will get a factor of sin ((;ASR — $L) instead of the cos ($R — ngSL) factor

we had before, which comes about from the sine functions in the log-likelihood ratio replacing the
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cosines. Combining the two parts, we arrive at the final equation for our B-statistic approximation:

F (§ 2 1122)

1 1 1 1 -~ 1~ ~ 141 9 4y
In [g(g)] = In 1l <4,1,21A§> +In;Fy (4,172JA3> + EARAL S AR
(0) Ry (0, 4042)

A (5.2,5722)

(1) (5.2.372)
1F1 (%717 %JAE) YR (%717 %IA;%) 1F1 (

+

(4.1.30)

4.2 Checks on B-Statistic Approximation

4.2.1 Limiting Cases

Before doing any analysis with our approximation, we must make sure that it follows what we would
expect given various limiting conditions on both the amplitude metric and on the maximum likelihood
points, A, and A,. The first is a rather trivial check from the Whelan et. al paper ([14]) which states
that, if it happens the metric elements K and L are both equal to zero, then the B-statistic can be
calculated exactly using the following equation

B(z) 1.1, 1. 1.4
In—==InFy | -,1,=1A In{F; | =,1,=JA . 4.2.1
DB(O) nq 1<4; 72 R + nith 47 72J L ( )

This is can be clearly seen by examining the form of equation (4.1.30).

Considering some of the other limiting cases, we want to look at how our approximation behaves
when A\R and EL approach zero, and when they approach infinity. This amount to figuring out the
limiting forms of the hypergeometric functions. Considering the limiting case of zero first, the hyper-
geometric function involving A, take on the following form (see equation (4.1.14)):

lim (Fy (i’l’ 1121§> = lim i (G GIAD" 0 (4.2.2)
Ax—0 !

with an identical equation for the hypergeometric function involving A,. This implies the approxima-

tion equals zero under these conditions, agreeing with the true B-statistic which also vanishes.

In order to deal with the large parameter case, we need to consider another result from the Whelan
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et al paper. They found that the B-statistic can be approximated by
3 - ~
In B(z) = F(r) = S In (AR(x) AL(I)) + const (4.2.3)

as long as the maximum likelihood points are “far enough” away from circular polarization, i.e. as long
as Au(z) and A, (z) are not close to zero. The exact value at which the approximation starts to break
down is not the same in all cases and depends on the choices of parameters used (see section VI C in

[14]). Now looking at the situation when the maximum likelihood points become large, we see that

11 1 N s g
lim 1 Fy (=,1,2142 ) = (— ) (= A% AR 4.2.4
Jm o (151 <r<i>><2) e (124

and

: 5.1 1 N g
1 F(S,2,-1A%2) = = A r/2 4.2.5
dm i (F2g02) = () () A% (129

by identity (13.1.4) of [40]. This implies that

1 1 - 1 3
lim InyFy (=,1,=IA2) = ~ITA2 — ZIn A, + constant , (4.2.6)
Aimroo 472 2 2
again with a similar equations for A,. Combining these equations and substituting them into equation

(4.1.30), we find that our approximations does indeed reduce to the desired form.

4.2.2 F-Statistic Prior

Moving away from examining specific cases of parameter extremes, we now investigate the effect
choosing a different prior distribution has on our approximation. Up until now, we have been assuming
a prior which is uniform in the physical coordinates. However, as we saw in section section 3.3.1), if we

instead assume a prior which is uniform in the JKS ({A#}) coordinates then ln(gig)

) is exactly equal

=

to the F-statistic (see equation (3.3.6)). If we assume this new prior, then our approximation should

reduce to the F-statistic as well.

A prior uniform in the JKS coordinates will result in a prior of the form (//I\RA\L) given the Jacobian
between JKS and CPF-polar coordinates found in [I4]. This new prior will not change the form of the

likelihood function ((4.1.6)) so, following the process of section section |4.1, the B-statistic integral can
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now be expressed as

[e’s) [e%e] 27 27
B(x) o / / / / AR A AT A A dpy dpy dAg dA,, . (4.2.7)
0 0 0 0

If we again consider only the K = 0 piece of the likelihood function and Taylor expand the integrand,

we see that

B(z) / eCoI+C1TC2 AL A dopy dpy, dAg dA,
— / eCo Tt A A dgy doy dAy dA, + LA, / eCo IO A cos (b, — dp) A Ay doy dd, dAy dA,
1LA, / eCOTHOT A, cos (B — 6,) An Ay dby dp, dAg dA, — L / €SO+ 4 A, 08 (n — ) An Ay dioy dds, dAg dA, |

(4.2.8)

Following through the previous derivation of the approximation, we can see that the only change this
prior will have on each integration simplification is that it will change the value of p in the identity
of equation (4.1.15). All other parts of the simplifications can be carried in the exact same way as

section section 4.1l

With this prior, it can be shown that the four integration terms in the above equation reduce to

1 1 - 1~
First Term: / eC It AL A doy dpy dAg dA, = 472 {} Fy (1, 1, 2IA§) 1Fy (1, 1, 2JA§) ,

IJ
(4.2.9)
Second Term.: L/AlL/eCOIJrClJAR cos ((;ASL — ¢r)Ar A, dor doy dAr dA,
o o - - (4.2.10)
= 4m? LA Ay cos (g — by) LJ} F (1, 1, 2JA§) 1P (2,2, 21A§) ;
Third Term: LA, / eColHCU A cos (¢ — by ) Ar A, dby doy, dAy dA,,
- o s . (4.2.11)
= An?LA Ay cos (b — ) | — | 11 (1,1, =142 ) 1 Fy (2,2, =JA%) .
IJ 2 2
Fourth Term: L / eCo T AL AL cos (g — @) A AL dor do dAg dA,
(4.2.12)

= 472 LA, A, cos (bn — b1) LH Fy <2,2, ;L&%) o <2,2, ;J/Tf) .
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Combining these four terms together, we can express 1n(lg,%§) for the K = 0 part as

B(x) 1.~ 1~
In [B((O)] = In,F, (1,1,21A§) +1n1F (1,1,2JA3>

Pt R}

Fi(LL3R) R (11,5042) (4.2.13)

A LR (2,2,%123) \Fy (2 2 lJﬁf)
+ AR A L cos (¢r — ¢v)

1F1 (2a 27 %Ile\g) 1F1 (27 27 %JA\E)

F (1, 1, %IXE) F (1,1, %Jig)

If we carry out the same computation on the L = 0 piece, we get a similar result. Combining the two
as we did before, we the following equation:
B(x) 1 ~ 1 2
In|——=|= IniF(1,1,-1A In Fy(1,1,=JA
H[B(O)] nq 1<,»2 r | Hinar 7>2JL
W (2,27 %Iﬁg) F (2,2, %JEE)
F (1, 1, %Iﬁg) Ly (1, 1, %Jﬁf) (4.2.14)

o~ o~

+ ARA,

1F1 (25 27 %IA\§> 1F1 (27 27 %JA\E)

 (113187) 4 (11,3 742) (e (b= Koin G 8) -

Using a straightforward identity for the confluent hypergeometric functions (identity 13.6.1 of [41])

which states that 1 F(a,a, z) = e, we see that this is, in fact, equal the F-statistic.

In [B(x)} = %Iﬁﬁ + %Jﬁf + Au A, (Leos(ba = b) + K sin (o — 61)) = F(a) . (4.2.15)

We have now shown that, not only will this approximation have the proper limit when A\R and
A, are large (via (4.2.6)), when K = L = 0 (via (4.2.1) and when the maximum likelihood points Ay
and A, go to zero (via (4.2.2)), but it will also have the correct behavior given a specific choice of
prior distribution of the parameters. This is all a strong indication that we have not made any errors
in the calculation of our approximation. In the remainder of this paper, we will be directly comparing
this approximation against the exact B-statistic and well as the F-statistic to determine which is more

effective in distinguishing signal from noise.
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4.3 Analysis of Statistics

Now that we have an equation for our approximation, the next step is to determine how useful it is
as a replacement for the B-statistic. This amounts to three main points: 1) Is our equation a good
approximation to the B-statistic? 2) Is it as powerful a detection statistic as is the B-statistic? and 3)

Is it more efficient to calculate? The first two points are explored in the following sections.

Speaking about the last point, the calculation efficiency will depend on the type of programing
software one uses. Our analyses were done using the Python computing language in which we did
timing tests for each statistic. Taking the average over 5 trails, we found that the average computation
time for the exact B-statistic was about 1.8 milliseconds, compared to the approximation whose average
time was around .11 milliseconds: a factor of 10 increase in efficiency. For completeness, we also did the
same tests for the F-statistic and found its average computation time was roughly .061 milliseconds.
We expect similar results in any computing language where entities like the hypergeometric functions

are already tabulated.

4.3.1 Comparison

Here we examine how the F-statistic (equation (3.2.17))), B-statistic (equation (3.3.17)) and our B-
statistic approximation (equation (4.1.30)) described in the previous sections compare to each other
for various points in parameter space. In figure 4.1, the three statistics are plotted against ER /haet and
EL /haes, where the coordinates have been scaled by the characteristic detector amplitude, hqet, to make
them dimensionless. Here hge; has been set to % (which follows from its definition in [14]) and the
source declination has been set to zero degrees. The statistics are evaluated at equal false alarm rates,
which is indicated on the contour line. Instead of considering the statistics dependencies on $R and qZL
separately, we instead look at how they depend on the combined quantity (qASR — (ZL) = 412, where zZ is
the maximum likelihood value of the polarization angle. This is shown in figure 4.2, whose sub-plots
each use a alternate phase difference ranging from zero to m. Note that figure [4.1 is equivalent to the

top left plot of this figure. In both of the figures mentioned above, the right ascension and declination

of the GW source have been set to a = 12 hours and § = 0° respectively.
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Figure 4.1: Contour plot of the F-statistic, B-statistic and B-statistic approximation at equal false
alarm probabilities. On the z and y axes are the right and left CPF-polar maximum likelihood points
A, and Ay scaled by hgey = %ﬁ to make them dimensionless. The line style corresponding to each
statistic is given by the legend and the corresponding false alarm rates are shown by the labels on the
contour lines. The source right ascension and declination have been set to o = 12 hours and 6 = 0°
respectively, with L/I = —.117 and K/I = 0 for this sky position. We show that our equation a good
approximation to the exact B-statistic over the whole {/AlR, /TL} parameter space and is much closer to
the B-statistic than is the F-statistic.

Chapter 4. B-Statistic Approximation 53



Chapter 4. B-Statistic Approximation

- - F-stat
— B-stat
Approximation

Vi
Vi

Ap =
Ap

20 2.
T Aevd
(¢r — 1) =7/2

2.

5 20 2 3. 5 20
AL AL x\T

Figure 4.2: Contour plot of the F-statistic, B-statistic and B-statistic approximation at equal false
alarm probabilities. On the z and y axes are the right and left CPF-polar maximum likelihood points
A, and A, scaled by hget = % to make them dimensionless. The line style corresponding to each
statistic is given by the legend and the corresponding false alarm rates are shown by the labels on the
contour lines. Each sub-plot is made at a different values of (¢ — ¢,). The source right ascension and
declination have been set to a = 12 hours and ¢ = 0° respectively. One can see that our approximation
is nearly identical to the B-statistic for all phase differences and values of Ar and Ay, being perfectly
identical for values of (¢x — ¢.) which are odd multiples of 7/2.

If the GW source is “face-on” (for example with cos(z) = 1), then A, =0 and we are in the realm
of circular polarization. If we examine the form of equation (4.1.29), its clear that when A\L = 0 the
cross term vanishes, and we are left with only the term quadratic in A\R (the opposite is also true

if cos(t) = —1 so that A, =0 instead). In addition, equation (4.2.1) tells us that in a circularly
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polarized system the exact B-statistic and the ansatz should be equal. This is confirmed in the figures,
specifically by looking on the ER and EL axes. Alternatively, an “edge on” system will have a cos()
value of zero which implies ER = /TL and the system will be linearly polarized. In this case, the figure
shows there is some deviation from the exact B-statistic. However the two are still in agreement, with

the approximation following the behavior of the exact B-statistic much more closely than does the

JF-statistic.

Linear Polarization

Statistic Value

(ér — 1) =0

N - - F-stat

N —  B-stat
Approximation

90

Statistic Value

Declination [degrees]

90

Statistic Value

Statistic Value

(6r — o) =7/4

90

Declination [degrees]

90

Figure 4.3: Graph of the F-statistic, B-statistic and B-statistic approximation as a function of the
declination of the GW source, measured in degrees. The values of Ay /hget and A, /hget have been set

to 4 and each sub-plot is made at a different values of ($R — QZL) We find that our approximation to
the B-statistic is accurate over all declinations. The F-statistic is also larger in value than the other

two for all declinations.

A few interesting features can be seen in figure 4.1/ and figure 4.2, The first is in agreement with
something first pointed out in [I4], namely that a nearly circularly-polarized signals (those with small
A\R or A\L) produce a B-statistic value more significant than their F-statistic value, which is clearly also

the case in our plots. This is the result of the fact that a prior distribution constant in the physical
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coordinates (i.e. the B-statistic) weights circular polarization more heavily does than a prior uniform
in the JKS coordinates (i.e. the F-statistic). We can also see that the approximation is uniformly

larger than the exact B-statistic for all declinations and value of (g/b\R - QZL)

Linear Polarization

(ér— 1) =0 (dr — dr) = /4

—  |B-stat - F-stat|
— |Approx. - F-stat|

5.30

Statistic Value
o
T
i
Statistic Value
o

5.1¢ 5.15
-90 —45 0 45 90 -90 —45 0 45 90

Declination [degrees] Declination [degrees]

(6r — ¢1) = /2 B (bp— 1) =7

Statistic Value
Statistic Value

515 i
—90 —45 0 45 90 -90 —45 0 45 90
Declination [degrees] Declination [degrees]

Figure 4.4: Graph of the residuals |B-statistic - F-statistic| and |Approximation - F-statistic| as a
function of the declination of the GW source, measured in degrees. The values of Ay /hdet and A;,/hget
have been set to 4and each sub-plot is made at a different values of (¢p — ¢y).

Since all the statistics are functions of the components of the amplitude metric {I,J, K, L} and
these are determined entirely by the declination of the GW source, it is also useful to examine how
the three vary with declination. This is shown in figure 4.3l In addition, the forms of the residuals
|B-statistic - F-statistic| and |Approximation - F-statistic| are shown in figure 4.4. Looking at the
figures, we can see that the accuracy of the approximation depends very little on the declination. In
addition the F-statistic appears to have a larger value for all sky positions, however (as we will see)

this does not necessarily imply that it will be a more powerful detection statistic than the other two.

56 4.3. Analysis of Statistics



4.3. Analysis of Statistics

4.3.2 Fractional Error of Approximation

Continuing our analysis of the different statistics, we will now directly examine how the B-statistic

and its approximation compare by looking at the fractional error of the two. figure 4.5/ shows the error

A,

e has been set to a constant value

as a function of A\R for different phase differences. In this plot,

of 4 so the majority of the graph represents linear polarization of the GW source. On the other hand,

as h‘:“t approaches zero, we move closer to a circularly polarized source.
.
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Figure 4.5: This is a graph of the fractional error (1 — @22%) between the B-statistic and the B-

statistic approximation plotted against the right CPF-polar maximum likelihood point Ay, (scaled by
hget) for different values of qZR - qASL. Here, EL /hdet has been set to 4. Our equation seems to be a very
good approximation to the true B-statistic, with errors only as large as .5 percent over the parameter
space. Its also clear that the local maximum error occurs at some ﬁR /hdet value between 2 and 3 and
that the error approaches zero as A, /hdet approaches zero (i.e. near circular polarization).

The graphs shows that our approximation is very accurate, with errors topping out at around .5
percent. The error is, in general, much higher in the case elliptical polarization than it is for the pure
linear or circular variety. Note that for pure circular polarization, the two statistics are equal and their
fractional error approaches zero. The plot also shows that the maximum error decreases as the value

of $R — ggL goes from zero to pi, which is to be expected given that this term is contained within a
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cosine function.
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Figure 4.6: This is a graph of the fractional error |(1 — #2227 )| between the B-statistic and the B-

statistic approximation plotted against the declination of the source for different values of g/Z;R — $L.
Here, Agx/hget = AL/hges = 4 so we are dealing with a linearly polarized source. Overall, the errors
are small, being less than .3 percent over the entire parameter space. The error decreases as the phase
differences goes zero to m. This is expected from the equations which show the phase difference term
is contained inside sinusoidal functions.

Alternatively, figure [4.7 and figure [4.6| show the error as a function of the declination of the GW
source for different phase differences. The values of (ER/ hdet,A\L /hdges) have been set to (4,4) and
(4,0.1) for linear and near-circular polarizations respectively. In each case, the graphs show that the
fractional error roughly follows a bell curve which is centered on a declination of zero. In general, the

approximation seems to again do very well, with errors which max out at less than 0.3 percent.
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Figure 4.7: This is a graph of the fractional error |(1 — Z#22%)| between the B-statistic and the B-

statistic approximation plotted against the declination of the source for different values of ¢>R (/b\L
Here, A /haet = 4 and A r/hdet = 0.1 so we are very near circular polarization. The errors in this case
are smaller then those for linear polarization, being only as large as .02 percent. Again, the error in
each case varies sinusoidally.

4.4 Monte-Carlo Simulation

4.4.1 Estimating ROC Curves

We will be considering the Neyman-Pearson framework in which the most powerful test is defined
as the test with the highest detection probability for a given false alarm rate upper bound. In this
framework, one can compare the detection probabilities of the various statistics for some false alarm
probability.Our simulation will give us their detection probabilities for some underlying population of
signal parameters.

The procedure for estimating the detection efficiency (or power) of any detection statistic with a
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Monte-Carlo simulation is relatively basic. First a large sample of N random draws of the statistic for
the no signal hypothesis Hy must be generated. With this sample, we can estimate the false alarm
probability f4 as

N res
fa(Ds) m = (4.4.1)

where Nipresp is the number of random draw values that are greater than your detection threshold.
Similarly for the signal hypothesis H1, we randomly draw our signal parameters from some assumed

prior population M times and from these generate M corresponding random draws of the statistic.

From this distribution, we can estimate the detection probability of our statistic as

M,
fp(D.) = 73}\78'1 ; (4.4.2)
where Mipresn is defined in the same way as Nipresn- If we then invert the equation for false alarm

rate to obtain D, (f4), then we recover the ROC (receiver operation characteristic) curve fp(fa).

4.4.2 Parameters used in Simulation

This section outlines the specific values of each of the parameters used in our Monte-Carlo simulation.
In targeted searches the Doppler parameters A\ of the signal are known, and for simplicity of this
example we fixed these parameters to constant values. We set the right ascension and declination to
a = 12 hours and § = 0° respectively and used a constant frequency without spindown. We assumed a
multi-detector system with detectors located at LIGO Hanford and LIGO Livingston, a one-sided noise
power spectrum constant of S, = 1 x 10~%7 in units of [strain®/hertz] and an observation duration of
Tops = 25 hours.

The resulting numerical values from equation (3.2.12) which make up the components of the am-
plitude metric M,,,, vary depending on the source declination. To give an example, the values for
a declination of zero degrees are found as: I = J = TS"—ZS(.742) and L = Tg—f(—.087), with all other

components (approximately) zero. In addition, we used Ng.qws = 1x10° random draws for each dis-

tribution and set the signal amplitude hy to the constant value of hg = 54/ j:q: ~ 2x10727 in units

= the well known sensitivity estimation

of strain. This equation for hg is very close to hg = 11.4 j:gb ,

formula for 90 percent detection probability and 1 percent false-alarm rate (see |27]). Note that these
parameters are given for the sake of completeness, the qualitative conclusions do not depend on these

choices.
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4.4.3 Simulation Results

Here, we discuss the resulting ROC curves of our Monte-Carlo simulations. Because the signal hy-
pothesis Hg is composite, it will depend on the choice of injected signal population. Some of the more
unphysical populations (for example with all sources having circular polarization) were considered
in papers like [9], so here we will restrict ourselves to considering the physically motivated isotropic
prior (equation (3.3.11)) with a constant signal amplitude. The result of the simulations are shown
in figure 4.8, which compare the ROC curves of the F-statistic, B-statistic, and the B-statistic ap-
proximation. The range of false alarm probabilities is the same as those used in previous studies of

detection statistics.

ROC Curves
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D -~ oo
T T T
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1073 1072 107! 10°

False Alarm Rate

Figure 4.8: ROC curves comparing the F-statistic ((3.2.17)), B-statistic ((3.3.17)) and the B-statistic
approximation ((4.1.29)). The chosen signal populations contain randomly distributed ¥ and y, in ac-
cordance with the isotropic prior (cf. section section [3.3.1), with a fixed amplitude of hg = 51/Sy /T ops-
The values of right ascension and declination have been set to a = 12 hours and § = 0° respectively.
We show that the approximation is not only a strong approximation to the true B-statistic but that it
is also more powerful than the F-statistic in the case of a constant signal amplitude.
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The figure shows that the approximation to the B-statistic is both accurate over the entire perimeter
space and is also just as powerful as the true B-statistic (i.e. having the same detection probability
for a given false alarm rate). Since the metric components are largest for declination of zero (see
figure 3.2), this plot represents the worst case scenario in terms of how close the approximation and
exact B-statistic are (i.e. for any other sky position the results will improve).

In addition, the plot shows that the approximation is uniformly more powerful than the F-statistic,
despite the fact that the F-statistic is larger in value than the ansatz. However this not true in every
case. It is true in the case of a constant signal amplitude hg as we have assumed here, but (as stated in
previous sections) it has been shown (see [9]) that, given other initial conditions or prior distributions,

the F-statistic can be more powerful. However, these often represent unphysical situations.

4.5 Range of Validity of B-Statistic Approximation

Recall that in section 3.2.1 we discussed the fact that the metric elements K and L are small compared
to I and J as well as K being approximately zero. As previously stated, we believe this is a result of
assuming that the computation of the metric components averages perfectly over a whole sidereal day.
However since these components being small is the whole foundation for the expansion involved in
deriving our approximation, its reasonable to ask if this assumption is actually valid. In this section,
we explore the extent to which this assumption is true by examining how the metric components evolve
given different lengths of sidereal observing time.

In figure 4.9, we show the forms of the metric components plotted against the declination of the GW
source. Each sub-plot uses a different length of sidereal observing time, indicated by the plot title. The
first box (top left) shows the components under the assumption of averaging over exactly 1 sidereal
day (i.e. what we have been assuming so far). The second box (top right) shows the components
evaluated using sidereal times computed from Short Fourier Transforms (SFTs) of actual strain data
from the S5 run of the 4 kilometer LIGO Hanford detector (labeled as H1). In more detail, the SFTs
are a list of 68,897 GPS times which conform to lengths of small observing runs, each of which is a
sub-run in a larger run covering the whole observing time span (about 1 year). These GPS times were
then converted to Greenwich mean sidereal times which are then averaged over to compute the values
of I, J, K, L. Since this is the only case which does not use synthetic data, we will use this as our “real
world” example.

The third plot (center left) shows what happens when a 25 hour sidereal time is assumed. It should
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Figure 4.9: These plots compare the forms of the metric components plotted against the source decli-
nation for different lengths of sidereal observing time. Top left: Components under the assumption of
averaging over exactly 1 sidereal day. Top right: Components evaluated using sidereal times computed
from Short Fourier Transforms (SFTs) of actual strain data from the O5 run of the 4 kilometer LIGO
Hanford detector (“real world” example). Center left: A 25 hour sidereal time is assumed, corresponds
to the values used by Prx and Krishnan in [9]. Center right: A 10 hour sidereal time is assumed.
Bottom left: A 5 hour sidereal time is assumed. Bottom right: Uses a single sidereal time. Its clear
that as sampling of a sidereal day becomes more even, K and L become larger compared to I and
J. However, our real world example is in agreement with our initial assumption of perfect averaging,
which implies our assumption is valid.

be noted that this plot corresponds to the values used by Prix and Krishnan in [9]. The fourth (center
right) and fifth (bottom left) plots use 10 and 5 hour sidereal times respectively and the final plot
(bottom right) uses a single sidereal time. Since the quantities we are really interested in are L/I and

K/I, we have also shown there values in each of the above situations in figure [4.10.

These figure shows exactly the behavior expected, namely that for long observing times the values
of K and L are small for all declinations (being minimal when the time is exactly 1 sidereal day),
but as the observing length decreases this is no longer the case. The reason is that the sampling of a
full sidereal day becomes less even (i.e. we are only focused on a part of the day). This implies that

our approximation will not be effective in these cases. That does not mean for short observing times
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Figure 4.10: These plots compare the forms of ratios of the metric components plotted against the
source declination for different lengths of sidereal observing time. Top left: Components under the
assumption of averaging over exactly 1 sidereal day. Top right: Components evaluated using sidereal
times computed from Short Fourier Transforms (SFTs) of actual strain data from the O5 run of the
4 kilometer LIGO Hanford detector (“real world” example). Center left: A 25 hour sidereal time
is assumed, corresponds to the values used by Prx and Krishnan in [9]. Center right: A 10 hour
sidereal time is assumed. Bottom left: A 5 hour sidereal time is assumed. Bottom right: Uses a single
sidereal time. The plots show the values of the two ratios are much smaller in the case of more evenly
sampled sidereal times. Also, the top two plots seem to agree, i.e. the real world example matches our
assumption.
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there wont be specific values where the components can still be small (for example a declination of
-45 degrees in the bottom left plot), but this will not hold for any declination. In addition, the plot
which uses real sidereal time data (top right) appears to be in agreement with the plot showing perfect
averaging. This implies that using real world data gives roughly the same kinds of K and L values

given if perfect averaging is assumed, which justifies our assumption.

4.6 Comparison to Other Approximations

So far, we have shown that our formula is a good approximation to the B-statistic. However, ours is not
the only approximation to this statistic which has been proposed. One such equation was presented in
a recent paper by Dhurandhar, Krishnan and Willis (see [42]). They showed how the marginalization
of the B-statistic can be done analytically by combining the four amplitude parameters into a set
of complex amplitudes {By, B2, B3, B4} if one assumes that the signal strength is very large. In this
section, we will compare their result to our approximation in order to determine which is more powerful
as a detection statistic.

In their paper, Dhurandhar, Krishnan and Willis defined the following complex amplitudes in terms
of the physical coordinates:

2 _ 2 .
B = hoe*2i¢° %6721’1&, By = h0672i¢>0 %6211[)’

WP W0 .
B3 = hge?i%o 1 e” 2 By = hoe?'%o 1 e

b

From these equations we can clearly see that B; = B} and By = B;. In CPF-polar coordinates, these

complex amplitudes have the form

By, = Aﬁe—g(3<z>R+¢L)7 By = ALe—%(<15R+3<m)7
‘ ‘ (4.6.2)
B; = ALB%(¢R+3¢L), By = ARe%(3¢R+¢L) )

Instead of the amplitude parameter metric we have been using in our analysis, Mz, they instead use

a matrix N, defined as

E vk 0 0
1 § 0 0
N={N,}= 3 0 ¢ , (4.6.3)
K
0 0 w ¢
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where

TO S
=2 5x Ty L@ + 007 (4.6.42)
K= ; S??bfo) (ai +ib)? (4.6.4b)

and a;¥ and b¥ are the AM coefficients for detector X in time segment [ as before. From the above
equations, its clear that ¢ =1,J
The equation Durrandar, Krishnan and Willis calculated (when neither By or Bs are zero) was the

following:

(4.6.5)

B(e) ( 2 ) e3B'NB
)~ —— ,

262 = k%)) | (1B1]|B2])?
where k is defined as k = |x|. This implies that k? = |x|> = kx*. In the special case when, for example,
El = 0 the above equation becomes singular. In this case, we must use the equation

B(z) ~ 2%1—‘(%)772 ¢3B'NB (4.6.6)
U\t —mt) B | B

There is an analogous equation for the situation when gg = 0 which is the same except for replacing
gg with gl-
Given that B = [gl, l§2, gg, §4], I computed that

1 e~ PO . . . N PO . . . N
5B/NB = [Bl (EBt + kBY) + Bo(w*Br + €B3) + By (685 + wB3) + Ba(k*BE + 531)]

N ==

[El (EB; + KBy) + Bo(k* By + €B3) + By(€Ba + kBy) + By (k7 Ba + g@l)} (4.6.7)

|€B\B; + nBiB; + w*Bi By + ¢B,B3
which matches equation 64 from their paper.

4.6.1 Determination of Scaling Constant

Despite having the basic equation for this alternative approximation, we cannot directly compare it to
our approximation due to the fact that the assumed scaling factor is not the same in both papers. So,
in order to compare them, we must determine this scaling constant.

To do this, we will compare an equation from [42] (in which it was assumed that the metric

components K and L are zero and that they were in the large signal limit) to the equations from this
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paper which match the same situation (equation (4.2.4) with the pieces for fAlR and EL combined). The

equation resulting from this paper is the following:

B(z) 1 N[22 o 17 e a
- A A, R/2HJAL/2 46.8
5(0) (r@)) { 8 ‘ (468)

We will be comparing this to equation 74 from [42], which states that

c2(Pi+03) (4.6.9)

To do this, we will need to compute the forms of p; and ps as functions of /Alﬁ and fAlL. Looking at

their paper, they are defined as p; = |y1| and py = |y2| where

(xy —ixs) (4.6.10a)

(5 — izy) (4.6.10b)

and zj; refers to the components of the data vector as usual, which has the following form when

K=L=0,
Ty = I/TR cos QASR , Xy = IER sing/b\R , Ty = JEL cosggL , Xy = JEL sing/b\L . (4.6.11)
Plugging these in, we can see that
1~ ~\ (1 ~ . ~ 1.~ -
Y1 = <21AR cos ¢R) —1 <QIAR smqu) = §IARe ion (4.6.12)

and

Y2 = <;JA.\L COSs ($L> —1 (;JA.\L sin $L) = %JA\Le_i(EL . (4613)

Since, by definition, |z 4 iy| = v/2? 4+ y2, we can compute from the above equations that

L.~ = 1o~ - 1~
p1= | = \/(QIAR cos ¢g)? + (ijAR sin ¢ )2 = 5_IAR

(4.6.14)
1 _~ ~ 1 _~ ~ 1 _~
p2 = |ya| = \/(QJAL cos ¢)? + (§JAL sing,)? = §JAL .
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Now we can plug these back into (4.6.9). Noting that £ = I = J, the exponent has the form

2 21 5y 1 oo 1o~ 1
E(pf +p3) = i <412A§ + 4]2Af> = 5IA§ + 5IAf , (4.6.15)

which exactly matches equation (4.6.8). For the coefficient, we get that

Elpipa) 2 =1 K;Iﬁﬁ) (;[ﬁLﬂ_z _ 2

With the exponent and coefficient, we now can write the full expression for the alternative B-statistic

B(z) = <71T;> 2

In order to find the scaling factor, we only need to divide equation (4.6.8) (B;) by the above equation

o3
AA |
4

(4.6.16)

of equation (4.6.9) as
_3
AAL| T

- eI ARt3IAL (4.6.17)

(Bs), the result being

B, 4 12
Scaling Factor = —- — I
caling Factor B, [Wr(i)}

Nl
e

2

(4.6.18)

Now we have determined that the approximation of [42] does have the correct limiting behavior
in the case when K = L = 0. However, even if their equations does have the correct limiting forms,
they still have two separate functions (one in the case of By or Bs equaling zero and one when both
are non-zero) and no way to interpolate between them. Also, due to singularities in their equations,
they can not handle the case when By = By = 0. Since our approximation does not have any of these

limitations or singularity issues, it would be much more useful in general.

4.6.2 Test of Alternate Approximation

Now we want to compare the effectiveness of our approximation to the alternate one from [42]. In
terms of its computational efficiency, we took the average computing time over 5 trials (as was done
in section 4.3 for the B-statistic and our approximation). We found that their approximation took an
average of .28 milliseconds compared to the .11 millisecond average which our approximation possesses,
which implies our approximation is computationally more efficient to calculate.

We also examine how the approximations compare in parameter space. In figure 4.11, we show
the two approximations and the B-statistic plotted against the source declination. The lower panel is

simply a zoomed in version of the top panel about a declination of zero. It shows that our approximation
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is uniformly closer to the exact B-statistic than the alternate DKW approximation is.

(ﬁ‘:’H*{;L) =0

Statistic Value

.5
-90 —45 0 45 90
Declination [degrees]

Zoomed-in View

— B-stat
— Approximation
— DKW Approx.

6.9

Statistic Value

10

o

Z10 -5 0
Declination [degrees]

Figure 4.11: Graph of the B-statistic, B-statistic approximation and the alternate (DWK) approxima-
tion as a function of the declination of the GW source, measured in degrees. The values of Ax/hget
and A, /hget have been set to 4 and the value of (¢r — ¢y.) is zero.

Along the same lines, we also examine how the three compare when plotted against /TR /hdet in
figure 4.12. It shows that our approximation does a much better job at following the exact B-statistic.
In addition, due to the large signal requirement of the derivation done by Dhurandhar, Krishnan and
Willis, their approximation becomes even worse as the amplitude parameters approach zero. Since our

approximation does not have this problem, it adds to the evidence that ours is more useful, in general.

Further tests to determine which approximation is better (both in terms of error relative to the

true B-statistic and power as a detection statistic) are currently underway.
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(c?ln - OI) =0
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Figure 4.12: Graph of the B-statistic, B-statistic approximation and DKW approximation against

1.0

A\R/hdet. In these plots, the value of A\R/A\L has been set to the constant value of 1. The line style

corresponding to each statistic is given by the legend. Each sub-plot is made at a different values of
The source right ascension and declination have been set to @ = 12 hours and § = 0°
respectively. Its clear that our approximation follows the exact B-statistic much more closely than

(¢ — ¢0)-

does the DKW approximation.
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Chapter 5

Summary and Conclusions

In this paper, we have presented an analytic approximation to the traditional Bayesian detection
statistic used in targeted searches for continuous GWs. By Taylor expanding the resulting integrand,
we have shown that the marginalization of the B-statistic can be done exactly with minimal simplifying
assumptions. This expansion is possible because of the fact that the components of the amplitude
metric K and L are small compared to I and J, something which we find is the result of long observing
runs (i.e. averaging over a full/nearly-full sidereal day). We showed that this approximation fits well
with the exact B-statistic over the parameter space as well as having the correct form in various limiting
cases. In addition, using Monte-Carlo simulations, we were able to show that the approximation
performed just as well as a detection statistic with similar detection probabilities at given false alarm

rates.

We have also shown that this approximation is also sensitive to the length of the observing time
over which the GW data was obtained. As the length of this time period decreases, the assumption
of the data averaging over all sidereal time will not longer be valid. This will result in a non-zero K
value which will increase as the observing length decreases. Thus there will come point when K is
no longer small compared to I and J, which implies the Taylor expansion in powers of K and L will
not hold true. Since GWs from compact binary coalescence (CBC) will be very short lived compared
to continuous waves, this implies that this method might not be useful in detecting GWs from CBC
events. However, using actual data from continuous wave searches on one of the LIGO detectors, we
were able to show that the metric components have roughly the same values as in the ideal case of

perfect averaging, which is an indication of its benefits in a real world setting.
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Speaking now to its usefulness to the LIGO collaboration, the coherent F-statistic is very widely
used. However, it’s the basis for things like the stack-slide and Hough methods ([4]) rather than
a principal detection statistic. In addition, targeted searches like the ones we have been assuming
here are generally limited to neutron stars with available Ephemeris data, typically known pulsars.
Searches for unknown neutron stars or neutron stars without sufficiently accurate Ephermerides are
done by semi-coherent all-sky searches which are sensitive to only a portion of the signal and do not
assume a known sky position. However, since these methods still use the F-statistic as their basis, if
our approximation becomes efficient to calculate it could be used as a replacement for the F-statistic
in some of these semi-coherent methods. The increased detection probabilities of the approximation
would allow not only for improved detection in any new LIGO data, but possibly new detections in
past data as well.

In terms of future work, there is still more to be done in order to determine the real world usefulness
of this approximation and even improve upon it. For example, the next logical step would be to conduct
more in depth computational timing tests to determine exactly how much more efficient computing
our approximations is compared to either the F-statistic or exact B-statistic. However, as of now the
scripts I am using are written in only the Python computing language, while much of the code used
by the LIGO collaboration is written in languages like C or C++. In order to conduct accurate tests,
my scripts would need to be put into one of those languages (although it should be more efficient
in any language where entities like the hypergeometric functions are already tabulated). In addition,
exploration of a more involved prior distribution on the physical parameter hg based on the physics of
the GW source would result in a more accurate description of the data and could lead to an improved

detection statistic. However both of these things are beyond the scope of this paper
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