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Figure 2: Above the functional decomposition of muscle is broken down to the smallest unit, also known 

as a sarcomere.  Sarcomeres contain actin, a contractile protein, and myosin, a motor protein, which allow for 

muscular flexion and extension at the presence, or lack thereof, of ATP, among other necessary molecules (i.e. 

creatine phosphate, calcium, and glycogen).  In general, each muscle fiber contains an array of myofibrils that run 

the entire length of the singular fiber.  A bundle of myofibrils, which are surrounded by connective tissue called 

perimysium, form fascicle of skeletal muscle.  From here several fascicles form the overall skeletal muscle [1, 9]. 

 

Skeletal muscles enable the movement through shortening.  In general, shortening is a 

force that causes tension within the sarcomeres, the basic unit of striated muscle, and is best 

explained through the sliding filament theory by Huxley [10].  In this theory, it is suggested that 

myosin does not change length in muscle contraction.  Rather, actin changes in length along the 

sarcomere.  The theory explicitly states, sliding action of actin filaments past myosin filaments, 

within the sarcomere, causes the necessary tension of muscles [11].  A visual of this theory can 

be seen in figure 3, as the contraction of muscle occurs, the A band, where myosin are housed, 

remains constant in length.  

 Muscles can contract in three different manners, concentric, eccentric, and isometric 

contractions, depending on the movement being accomplished.  Concentric contractions occur 

during positive, energy-generating work.  The energy of the system is increased during this 

contraction, and, subsequently, the angular velocity at the joint in motion increases.  On the other 

hand, eccentric work decreases the angular velocity of the joint, and ultimately decreases the 
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energy being produced in the system.  This is comparable to the muscles acting as a brake for the 

joint movement to come to a halt or slow down. 

 

Figure 3: As seen above, relaxation and contraction within a sarcomere is depicted.  Experimentation by 

various researchers showed that the A band (double black lines), which is composed of myosin filaments, remains 

unchanged during the relaxation and contraction of muscle fibers.  In contrast, the I band (red lines), which is 

composed of actin filaments, shortens during contraction phases.  These key observations lead to the overall 

proposal of the sliding filament theory; thus, the motion of actin filaments sliding past myosin filaments causes 

muscle tension [11]. 

 

In order to apply the necessary concentric and eccentric contractions to produce the 

desired motion, it is important to understand the effects of the muscle’s fiber length, orientation, 

and moment arm.  As previously stated, joint motion is caused by the contraction, or shortening, 

of the sarcomeres that make up the myofibrils within a single muscle fiber.  Due to the 

sarcomeres being arranged in series, the total shortening that a single muscle fiber can produce is 

dependent on the sums of all the sarcomeres shortening lengths.  Therefore, the amount a single 

muscle fiber can shorten is approximately 50 to 60% of the total fiber length, and the total 

muscle shortening length is dependent on the contracted length of each constituent fiber [12].  

These fibers, however, can be oriented in various patterns depending on the muscle that affect 

the overall motion and force production.  There are two different types of filament arrangements: 

parallel and pennate.  Parallel filaments are oriented to be in line with the length of the muscle, 

and can classify the muscle as fusiform or strap.  This muscle classification is based on the 
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prominence of the corresponding muscle’s tendons.  For example, fusiform tendons have tendons 

at both ends of the muscles, for which the fibers taper to.  The opposite is true for strap muscles.  

This classification has less prominent tendons that the muscle does not taper to.  In contrast to 

parallel muscles, pennate muscles have one or more tendons that extend the length of the muscle.  

This structure causes the fibers to attach into the tendon indirectly and at an offset angle to the 

desired muscles line of action [13].  The classification within this muscle group is through the 

number of tendons within the muscle (i.e. unipennate has one tendon the muscles attach to 

obliquely) [12].  Lastly, the moment arm of the muscle is known as the angle of application.  

This angle is defined by the insertion point to the bone, and the actuation direction of the muscle 

and the limb it is attached to, as depicted by figure 4. 

 

Figure 4: Depiction of the angle of application of the long head biceps femoris that has insertion points 

along the head of the fibula and the lateral tibia condyle.  The angle is clearly depicted in orange.  With the insertion 

point of the lower leg placed at the lateral tibia condyle, in line with muscle is the actuation direction of the muscle 

contraction to which the angle from the tibia is drawn.  This angle is denoted within the figure as Θ [12]. 

 

Lastly, muscle force production, also known as muscle strength, is affected by muscle 

size, muscle moment arm, muscle stretch, contractile velocity, muscle fiber recruitment, and 

muscle fiber types [12].  For the purpose of this thesis and the understanding of muscle behavior 
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related to mechanical systems, muscle size, moment arm, stretch, and contractile velocity will be 

discussed, in depth. 

Muscle size is the most important factor that determines the force generated during a 

contraction because of the cross linkage of myosin and actin filaments along the muscle fibers.  

Although this correlation can be a little misleading depending on the type o muscle being 

examined.  The anatomical cross-sectional area is the area across the widest portion of a muscle 

and is perpendicular to the muscle’s length.  For parallel muscles, this cross-sectional area cuts 

across the majority of the respective muscle fibers.  This concept does not hold true pennate 

muscles thought.  As previously stated, this type of muscle contains fibers that are not attached 

parallel to the line of muscle action.  This causes the anatomical cross-sectional area to not cut 

across the majority of respective muscle fibers. Thus, it is important to correlate the number of 

muscle fibers along the anatomical cross-sectional area, but it cannot be inferred that with a 

higher number of fibers the higher the force production, as determined by the ability of pennate 

muscle.  In a study completed by Baratta et. al., nine load-moving muscles, from cat hind legs 

with different anatomical architectures, were characterized for force, velocity, and energetics 

[14].  Among other important characteristics from the study, the key results, in relation to muscle 

architecture and force production, show that muscles with high angle of pennation achieve 

optimal kinetic energy and maximal forces for intermediate load bearing scenarios.  For parallel 

fibered muscles, higher maximum velocities, higher elongation, and higher kinetic energy were 

observed during low-load bearing applications [14].  Further observations suggest muscle 

performance for low-load and high-load applications is limited by elongation length to accelerate 

load and force available to accelerate load, respectively. 

The muscles’ moment arm is directly related to the distance from which the force is 

applied (𝑟) and the applied contractile force along the moment arm (𝐹𝑚𝑢𝑠𝑐𝑙𝑒).  This is given by 

the cross-product equation of:  

 

𝑀⃑⃑ = 𝑟  x 𝐹 𝑚𝑢𝑠𝑐𝑙𝑒 

Equation 1:  Resulting Muscle Moment of the Muscles Applied Tension and Associated Muscle Arm from 

Point of Rotation 

 

From this equation, it can be determined that a larger muscle moment arm the larger the 

resulting moment produced.  Further, the angle of application of the muscle force is extremely 

(1) 
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important.  This angle is determined through the muscle force component acting perpendicularly 

to the rotating body.  From figure 4, this causes the true acting muscle force to be 

𝐹𝑚𝑢𝑠𝑐𝑙𝑒𝑠𝑖𝑛 (𝜃𝑎𝑝𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛), for which 𝜃𝑎𝑝𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 is determined by the angle the muscle makes to 

the attached skeletal structure being rotated.  Using trigonometric principles, the maximum 

applied moment occurs when the angle between the skeletal structure and muscle is 90°. 

As previously stated by the sliding filament theory, the cross-links formed between 

myosin and actin filaments change the lengths of a single sarcomere within a muscle fiber.  The 

maximum cross-linkage between the two filaments occurs when the muscle fiber is at the resting 

length.  In turn, this is when the muscle has the maximum contractile force.  As the muscle 

contracts, the contracting actin filaments begin to interfere with one another [12].  This 

interference leads to a decrease in the cross-linkages between myosin and actin and the available 

contractile force available in the sarcomere.  Thus, the stretch within a muscle is dependent upon 

the sarcomeres cross-linkage and the elasticity of non-contractile muscle components.  More 

specifically, the non-contractile components are associated with the epimysium, perimysium, 

endomysium, and tendons [12].  Numerous studies have observed the effects of the non-

contractile components of muscles.  As a muscle stretches without any applied contraction or 

stimulus, the muscle will begin to apply a resistance force to any further contraction.  This 

resistance is associated with the recoil of passive elements within a muscle, such as the 

connective tissue and better known as the parallel elastic components.  Further, series elastic 

components are associated with the tendons connecting the muscle to skeletal structures [12].  

These components will be further discussed in Chapter 2 and illustrated in Chapter 4. 

As previously stated, three different contractions are associated with muscle movement: 

eccentric, isometric, and concentric.  It is imperative to understand the differences between these 

types of muscle contractions with their respective contractile forces and contractile velocities. 
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Figure 5: Comparative graph that identifies the change in force between eccentric, isometric, and 

concentric muscle contractions.  The highest force occurs during eccentric contractions where the muscle visibly 

lengthens, and is the least understood contraction type.  During isometric contraction, the contractile velocity is zero, 

but the contractile force is set at the maximum possible force that can be seen in concentric contractions.  In this 

case, isometric contractions are denoted by a singular point, 𝐹𝐼.  Lastly, concentric contractions, also known as 

shortening contractions, occur when the muscle shortening is apparent.  These contractions have a higher muscle 

shortening velocity, but substantially smaller contractile forces to that of eccentric and isometric contractions [12]. 

 

Eccentric muscle contraction occurs as the muscle visibly lengthens.  As seen in figure 5, 

there is a maximum eccentric contractile force that can be achieved, denoted by the plateau.  

However, this force produced remains much higher than that of the isometric and concentric 

contractile forces.  Isometric can be depicted by 𝐹𝐼 on figure 5.  At this point the muscle remains 

at a relatively zero contractile velocity.  From this point, the concentric contractions take over 

increasing the velocity of the shortening, but greatly decreasing the force produced. 

1.3: Simple Machines of the Body 

 

Biological musculoskeletal systems (MSK) are comparable to simple mechanical system, 

such as wheel and axles, levers, and pulleys.  These simple machines can be and, historically, 

have been used to help characterize concepts related to kinetics and kinematics of the biological 

systems being observed.  Each of these three is discussed in the following sections. 
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1.3.1: Wheel and Axle System 

 

Wheel and axle systems are used to enhance the range of motion and speed within a 

MSK.  This can be functionally comparable to the lever systems discussed previously, but as the 

wheel turns the axle must rotate, as well, about a designated fulcrum.  This rotation must occur in 

such a manner that both complete one rotation at the same time. An example of this can be seen 

through the throwing of a ball, shown in figure 6.  Biologically, the rotator cuffs of a shoulder act 

as the point of rotation for humerus, the axle for a bent arm.  This causes the hand and wrist to be 

representative of an outer edge of a wheel.  This structure allows minimal rotation of the rotator 

cuff muscles at the head of the humerus, while the wrist and hand travel a greater distance due to 

the increased radius from the center of rotation.   

 

Figure 6: Biological wheel and axle configurations can be seen through the applied force of rotator cuff muscles to 

the humerus during the throwing of a ball.  The length of the forearm and hand are the theoretical wheel radius, 

which have a greater range of motion than that of the head of the humerus, the inherent force application site [15]. 
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1.3.2: Pulley System 

 

 Pulleys can be exemplified within biological MSK’s.  In mechanical systems, pulleys are 

utilized to change the effective direction for which a force is applied to enable movement of a 

weight or object.  More specifically, when a skeletal muscle slides over a round bony surface, it 

is acting as a simple pulley.  The knee can act as this type of simple machine when the quadricep 

contracts to extend the lower leg up.  The muscle, connected to the patella by the quadricep 

tendon, pulls the patella and patellar tendon connected to the tibia.  

 

 

Figure 7: A pulley system within the human body can be exemplified above through the extension and flexion of 

the lower leg about the patella.  In this case, the quadriceps contract or relax to complete the motion.  When lifting 

the left the quadriceps contract. Subsequently, this action causes the quadriceps tendon to pull on the patella and 

patellar tendons connected to the tibia.  This contraction overtop of the knee allows the lower leg to be lifted up 

similar to a pulley.  The opposite is true for extension of the lower leg [16]. 

 

1.3.3: Lever System 

 

A levers, which is created by a rigid bar that rotates about a fulcrum, is comparable to the 

skeletal bone structure which rotates about a joint.  However, a lever at equilibrium will not 

rotate about a given fulcrum unless applied with a force against the systems resistance or weight.  

For example, a human leg demonstrates the use of a lever system within a biological application.  

The knee and metatarsophalangeal joints are fulcrums for which the femur and/or tibia can 
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rotate, as exemplified through models in figure 8.  The force to move the bones about the joint is 

applied from the contraction and relaxation of the hamstrings, quadriceps, and triceps surae.   

 

 

Figure 8: Top panel:  An example of a simple FRA lever system. Bottom panel: lifting the body onto toes causes 

the metatarsophalangeal joint of a human foot to be the axis of rotation of a FRA lever system.  As a result, the 

triceps surae applies the force to lift the resistive body weight [17]. 

 

The ability to compare MSK within the body to levers allows for the system’s mechanical 

advantage to be characterized.  Mechanical advantage, A, can be determined in relation to 

system forces or lengths to the system forces.  In this case, the distance to the application force is 

𝑙𝑖𝑛, while 𝑙𝑜𝑢𝑡 is the distance to the resistive force.  The governing equations for mechanical 

advantage are as follows: 

 

𝐴 =
𝐹𝑟𝑒𝑠𝑖𝑠𝑡𝑖𝑣𝑒

𝐹𝑎𝑝𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛
=

𝑙𝑖𝑛

𝑙𝑜𝑢𝑡
 

Equation 2: Mechanical Advantage in Relation to System Forces and Lengths 

(2) 
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 From equation 2, the mechanical advantage of the three types of lever configurations, 

first-class levers (RFA), second-class levers (FRA), and third-class levers (FAR), can be 

determined for biological applications. 

 First class lever systems (RFA) are identified by having the fulcrum between the 

resistance and applied forces.  This type of lever configuration can be understood through lifting 

head movement.  As shown in figure 9, when lifting the head from a downward position, the 

neck muscles apply the force to lift opposing weight resistances of the head and inertia.  These 

muscles are connected to the atlanto-occipital joint located at the base of the skull.  This 

configuration clearly shows that the fulcrum is in between the resistance and applied forces.   

Further, a head simply being balanced on the neck is another example of this type of 

configuration.  On each side of the head, agonist and antagonist muscles are contracting to help 

balance the head from falling too far forward or too far back.  In this example, agonist muscles 

produce the force to keep the head from moving too far forward, while the antagonist muscles 

supply resistive forces. 

 

 

Figure 9: First class lever systems follow the general schematic of resistance-fulcrum-applied force (RFA).  In this 

case, the action of lifting ones head from a downward looking position represents this type of lever configuration.  

The resistance is the weight of the head being lifted, while the fulcrum is at the atlanto-occipital joint of the skull’s 

base.  To complete the action, the cervical paraspinals and upper trapezius apply contractile forces to aid in lifting 

the head [10]. 

 

 Second class levers are extremely critical within the body because they allow force 

movements, as a result of large resistances to be moved with small forces.  Figure 10 shows how 

plantar flexion depicts the change in configuration of resistance to between the fulcrum and 

applied forces.  The triceps surae contracts to pull the heel up off of the ground.  As the heal 
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moves up, muscles attached at the metatarsals further stretch and contract to help balance upon 

the phalanges. 

 

 

Figure 10: Similar configurations of a second class lever were previously depicted in figure 8.  In general, second 

class levers move the resistance to the middle of the system.  Plantar flexion is shown above where the body weight 

resistive forces act along the length of the leg.  While the triceps surae contract to lift the heel, and the motion pivots 

at the metatarsophalangeal joint [10]. 

 

 The last lever system configuration, depicted in figure 11, is known as a third class lever 

system.  In this case, the applied force is placed in between the fulcrum and resistance.  As seen 

in figure 11, simple bicep curls can show how this lever configuration applies to biological 

systems.  The bicep applies contractile forces to pull upon the forearm.  As the forearm moves 

upward closer to the shoulder, the bicep continues to apply greater contractile forces to overcome 

the resistance of the weight in hand.  Further, in this case the elbow joint is the fulcrum to the 

motion of the resistance and contraction of the bicep. 

 

 

Figure 11: Third class levers, which follow the fulcrum-applied force-resistance (FAR) configuration, can be 

exemplified through a bicep curl contractile motion.  In this case, the resistance is applied at hand. As the bicep 

contracts, the insertion point (radial tuberosity and bicipital aponeurosis) on the medial forearm is pulled upward, as 
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shown in the movement completed.  This leaves the elbow joint as the fulcrum in this configuration for the 

contraction and resistance to pivot about [10]. 
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Chapter 2: Mathematical Modeling of Kinetics and Kinematics 

Review 

 

2.1: Characterization of Muscle Performance in Biological Systems 

 

 Although several factors may affect the force development within muscles, the 

performance of muscles is generally assessed on the muscle shortening rates for various loading 

scenarios [16].  For passive and active MSK systems, it has been long understood that the 

relationship between force-velocity can be modeled using Hill-type models.  The original Hill 

equation is as follows: 

(𝐹 + 𝑎)(𝑉 + 𝑏) = 𝑏(𝐹0 + 𝑎) 

Equation 3: Hill Equation [18 - 20] 

 

For this 𝑎 is the coefficient of shortening heat, while F and V are force and velocity, 

respectively.  It should also be noted that 𝐹0 is the maximum isometric tensile force, and 𝑏 is 

defined by the following relationship at which 𝑉0 is the maximum contractile velocity when 

muscle force is zero. 

𝑏 =
𝑎𝑉0

𝐹0
 

Equation 4: Derivation of b parameter for Hill’s Muscle Equation [19, 20] 

 

  This equation bases muscle contraction on a single contractile component, activated by 

an electrical stimulus, and two non-linear springs.  One spring is represented to be in series while 

the other is in parallel [21].    However, modifications to this equation have allowed for a series 

of modeling schemes to be proposed based on the same principles as those in equation 2.  The 

majority of these enhanced modeling equations are classified as zero-dimensional because of the 

lack of consideration to mass and inertial body forces.  This causes the output to be simplified to 

one-dimensional forces for crude reasons.  Further, the inputs of these equations have, 

historically, been based on muscle-tendon-complex (MTC) length, MTC contractile velocity, and 

stimulation from neurons.  These components are integrated into the equation through force-

(3) 

(4) 
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length parameters, force-velocity parameters, and series and parallel elastic energy elements in 

manipulated configurations [22]. 

 

2.2: Modeling Techniques of Biological Systems 

2.2.1: Rigid Body Modeling 

 

 In general, rigid body modeling is utilized to help simulate the locomotion of animals and 

humans through looking at specific portions of the body as rigid, non-deformable bodies [2].  

This model assumes that joints of a body are completely frictionless ball-and-socket, hinge, or 

universal joints.  Simplicity of the modeling scheme, to which the Hill-type models are 

accomplished, is thus implied when employing these techniques. 

 Rigid body modeling can be utilized for a multitude of applications, such as: muscle 

implantation effectiveness and assessment, multi-segment interaction, and performance of 

jumping and walking musculoskeletal systems, to name a few [2].  Raabe et. al. completed an 

investigation of the muscle-skeletal interactions of trunk movement during jogging to create a 

full body model located within OpenSim, musculoskeletal modeling software, in conjunction 

with three previously defined models [23].  Specifically, this modeling technique integrated 

Hamner’s full-body model, Christophy’s lumbar spine model, and Arnold’s model to create the 

full body depiction of a human for simulation purposes.  It was seen that this model was able to 

predict similar gait kinematics of a jogging motion related to the trunk and lower extremities of 

the human body, as shown in figure 12.  This is crucial for understanding the loads of the lower 

body and lumbar spine, especially in applications of pain management and artificial implant 

fitting and/or characterization prior to implantation. 
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Figure 12:  During a jogging motion, the trunk and lower extremities of the human body were simulated by both the 

full body (FBLS) model created by Raabe et. al., while compared to previous simulations completed by Hamner et. 

al..  In general, it can be seen that the simulation results produced by the FBLS model are comparable to those 

previously accomplished by Hamner et. al.  However, the two simulations show kinematics of different subjects, 

which can account for the slight differences in the overall simulated results throughout the gait cycle.  The following 

abbreviations were utilized by Raabe et. al.: extension (ext), flexion (flex), plantarflexion (plantarflex), and 

dorsiflexion (dorsiflex) [23]. 

 

It should be noted that the simulated model involved the use of 21 segments, 30 degrees 

of freedom, and 324 musculoskeletal actuators, which is simpler in design than other full body 

models.  Given that the model created by Raabe et. al was compared to a model of 0 degrees of 

freedom (Hamner’s model) in figure 12, it is promising that this model can be used to, 

somewhat, accurately describe trunk and lower extremity loading scenarios based on the joint 

movements.  However, making a model to accurately predict an individual’s precise motions is 

limited due to the lack of anatomical data, and variance between anthropometric data. 

Works completed by Monsabert et. al. provide further exemplification of rigid body 

modeling in relation to muscle force production of hand grips and simulations of the motion 

being done [24].  Physical experimentation of healthy patients was initially conducted to 

understand force analysis of two gripping tasks (power grip and pinch grip), kinematics of the 

joint movement, and MRI measurements of the healthy hands.  A previous hand model was 

employed, to use the hand modeled as a rigid body, frictionless joints, 23 degrees of freedom, 
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and 42 musculoskeletal actuators.  Muscle tension was predicted through the use of equations 5, 

6, and 7 below.   

 

                                              [𝑅] ∗ {𝑡} + {𝑚𝐿} + {𝑚𝑓} = {0} 

Equation 5: Muscle Tension [24]  

 

 Equation 5 cannot be solved without the use of the “muscle-stress” criterion stated in 

equation 6 as: 

 

𝑚𝑖𝑛∑ (
(𝑡𝑚)𝑠

𝑃𝐶𝑆𝐴𝑚
)
𝑛

𝑚  

Equation 6: “Muscle Stress” Criterion [24] 

 

 Once the muscle tension was achieved through the use of equations 5 and 6, the joint 

forces could be estimated.  This estimation is achieved through the use of the joint reaction 

forces, muscle tension, experimental grip forces, and passive MCP collateral ligament forces.  

Equation 7 represents these components to calculate the joint forces.  

 

{𝐽𝑅}𝑗 + ∑{𝑇}𝑚
𝑚

+ ∑{𝐹}𝑎
𝑎

+ ∑{𝐿}𝑙
𝑙

= {0} 

Equation 7: Joint Force Estimation [24] 

 

 As a result of this study conducted, it was seen that a significant relationship is present 

with the effect of grip and joint for the index and thumb with relation to the joint forces.  Further, 

during the pinch grip and power grip tasks, the forces exerted were 60N and 130N each, 

respectively.  

Although this technique is successful and helpful, there are drawbacks.  First, the 

simplicity of the simulated joints is not ideal or comparable to natural, biological joints.  Second, 

prediction calculations of the kinematics of musculoskeletal systems with a lack of multiple 

inputs are a challenge that remains.  Through the determination of compliant artificial muscle 

actuators, experimental and theoretical data can be determined to create viable simulation 

methods for biological muscles. 

(5) 

(6) 

(7) 
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 2.2.2: Inverse and Forward Dynamic Modeling 

 

 Inverse and forward dynamic modeling techniques are extremely common in attempting 

to calculate various musculoskeletal movements of muscle/joint forces/torques.  Inverse 

techniques look at the joint positions during the movement.  These movements are then 

differentiated to acquire the velocities and accelerations of the motion, and utilized to find forces 

and torques of a given body.  Inverse dynamics modeling is valuable due to the simplistic nature, 

and quasi-experimental results.  However, the downside of this modeling requires further 

optimization for understanding and exploration of muscular contributions, and restricts the 

ability of theoretical scenarios to be simulated.  Basafa et. al. utilized inverse dynamics modeling 

to identify methods of better facial implantation planning through the use of inverse dynamics 

simulations with swine specimen [25].  Overall, inverse dynamics modeling techniques were 

relatively similar with experimental data of swine mastication.  However, moving forward, 

theoretical simulations and experimental data need to be completed hand in hand with the same 

specimen to identify better congruency between the two methods. 

Alternatively, forward dynamic modelling is the opposite of the inverse dynamic 

technique.  In this case, muscular movements are directly characterized through theoretical 

simulations.  This allows for muscle torques to be identified through the forces and muscular 

moment arms.  Subsequently, the acceleration, velocity, and position can be determined.  

Although this modelling technique can help predict the muscle performance from various 

individuals and provide a valuable design tool, there are several disadvantages.  First and 

foremost, this modelling is not based on experimental data, such as the inverse dynamic models.  

It also can use parameters that are not necessarily easy to obtain or estimate, especially those 

related to individual muscle parameters.  Lastly, this technique is restrictive in the simulations 

being evaluated.  For example, only simplistic patient locomotion and muscle movement 

scenarios can only be simulated. 

 Combinations of inverse and forward dynamics models, such as inverse-muscular 

forward-skeletal dynamics and forward-muscular inverse-skeletal dynamics have been explored.  

Sharif Shourijeh et. al. studied inverse-muscular forward-skeletal dynamics for creating at 2-

dimensional full-gait, human model  [26, 27].  Optimization was required during each of the 

simulations, to help provide proper outcomes of the calculations, which can be seen through 



21 
 

figure 13.  Through this combination of modelling, it was determined that lower extremity 

kinematics, muscle activation, and ground reaction forces through the two step gait cycle 

simulated were congruent with experimental results during gait.   

 

a)                                              b)  

c)  

Figure 13:  Dynamic optimization is utilized by many studies that employ forward and inverse dynamics modelling 

of musculoskeletal systems.  Sharif Shourijeh et. al. completed simulations for: a) fully forward (FF),  b) inverse-

forward starting at joint torques (IFT), and c) inverse-forward starting at muscle forces (IFM).  The schematics for 

each follow the same design; however, the forward dynamics approach requires the initial muscle activations and 

lengths to complete the simulation. For the simulations proposed by IFT and IFM, utilized inverse dynamics for 

which the simulations solved for joint torques and activation of muscle-tendon force and length, respectively [26]. 

 

On the other hand, Lloyd et. al. utilized a forward-muscular inverse-skeletal dynamic 

method to estimate the muscle forces of knee joints [28].  In general, electromyography (EMG) 

driven models were utilized to predict the muscular moment of human knees through the use of 

inverse dynamics.  Physiological based parameters, such as those related to muscular set-up, 

were obtained through specific patient parameters, in order to measure the muscle moments to 

the skeletal system through inverse dynamic calculations.  Through this experimentation, it was 

determined that EMG driven models can accurately predict the muscle moments, when 

calibrated to specific patients. 

2.2.1: Finite Element (FE) Modeling 

 

 Finite element modelling, along with musculoskeletal rigid body modelling schemes, has 

been historically used to help provide information of loading scenarios at joints during dynamic 
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activities.  This is crucial in understanding joint interactions during normal locomotive actions of 

various specimens. 

Fitzpatrick et. al. [29] experimented with joint loading ratios of internal-external to 

compression and anterior-posterior to compression force ratios were estimated to help aid design 

and implantation modelling of total knee replacement devices and surgeries.  This study, even 

though utilizing different methods than those presented previously, proved to show that it is 

imperative to have accurate data to that of patients with specific loading scenarios seen in vivo.  

Although they use telemetric data from patients, the availability of information is generally 

scarce. 

2.3: Modeling Techniques of Jumping in Biological Systems 

 

 The mechanics of jumping have been studied extensively to understand the energy 

storage within animal legs, and take off velocities.  One of the governing equations of this type 

of locomotion is as follows:  

𝑈 = √
2𝛱

𝑚𝑏𝑜𝑑𝑦
 

Equation 8: Instantaneous Take-off Velocity of Jump [30] 

 

In this case, velocity is correlated to an animal’s legs and body mass with relation to the 

stored energy per unit of body mass, denoted by Π [30].  Understanding these components 

allows for the calculation of maximum attainable jump height, assuming no losses to surrounding 

fluid and all kinetic energy is changed to gravitational potential energy. The maximum height of 

the jump can be determined as that shown in equation 9.  

 

𝐻 =
𝛱

𝑚𝑏𝑜𝑑𝑦𝑔
=

𝑈2

2𝑔
 

Equation 9: Maximum Height of Jump Attainable [30] 

 

 Understanding that the stored energy per unit of body mass, Π, has been explored by 

Bennet-Clark who proposed that the number of this parameter is roughly 20 J/kg [30].  From 

this, it can be determined that the maximum height of a jumping animal is not a function of the 

animals mass or length, due to the interpreted relations of equation 8 into equation 9.  However, 

(8) 

(9) 
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the maximums, of both velocity and height, are greatly dependent on the stored energy per unit 

of body mass.  In relation to muscle gearing, this energy based approach brings up an interesting 

point of view; there must be an optimal muscle shortening velocity to maximize power produced 

from the muscle, and maximize the take-off velocity, U.  In this case, this maximum power 

produced causes the velocity at take-off to be maximized and, subsequently, the jump height to 

be maximized.   

Gregersen and Carrier, completed a study that: 1) calculated the gear ratios of canine 

extensor muscles of major limb joints to verify signs of increasing gear ratios during jumping, 2) 

measured length changes of the extensor muscles that exhibited this increasing gear ratio, and 3) 

computed the contributions of this increasing gear ratio joint to the overall work produced during 

the jump [31].  This study defined the gear ratio as the out-lever length of the ground reaction 

force moment arm (distance to the application force) divided by the in-lever of the muscle 

moment arm (distance to the resistive force), similar to that provided by equation 2.   

 

 

Figure 14: The simplified limb segment utilized for calculating the gear ratio of canine jumps is shown.  R 

represents the ground reaction force moment arm, while r is for the muscle moment arm.  Further, the following 

variables are defined as such: 𝛽 is the angle of the joint, p is the center of pressure, j is the center of the joint, 𝑟𝑝/𝑗  is 

the position of the center of pressure, and 𝐹𝑔and 𝐹𝑚 are the force vectors of the ground reaction moment and muscle 

moment, respectively [31]. 

 

 As a result of this study, it was seen that in the canine knee and shoulder joints, there is 

gearing that matches the original theory that at some point there is an optimal gearing ratio to 

produce maximum power output from a muscle as it shortens.  This is depicted below in figure 

15, as the contact time increases on the force pad, the gearing ratio of knee and shoulder begin to 
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increase greatly in a somewhat linear fashion as the joint extends during the initial jump [31].  

Further, Gregersen and Carrier studied the length changes of the canine’s vastus lateralis, a 

muscle of the hind leg.  It was seen to undergo shortening of 17 to 29% of the standing length at 

rates of 2.7 to 3.8 muscle lengths per second, and was observed to be relatively constant for two 

of the canine subjects.  From previous studies, it was determined that the observed shortening 

length is approximately 30% of the maximum shortening velocity, and suggests that the 

maximum shortening velocity is approximately 10.7 muscle lengths per second.  This is similar 

to studies that predict the maximum shortening velocity to be 12.5 muscle lengths per second.  

These findings and observations help confirm that there is an optimum of muscle gearing to 

produce maximum power output in a jumping system [31]. 
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Figure 15: The wrist, elbow, shoulder, ankle, knee, and hip joints of three different canines were examined during a 

jump.  Dark solid lines represent the gear ratios, while the light dashed lines represent the joint angle.  These are 

both shown in correlation to the contact time and support phase of the jumping motion.  In these graphs, the data of 

a) comes from a single canine specimen, while b) comes from the means and standard deviations of all three canine.  

a) b) 
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Further, gear ratios above zero show positive muscle moments during extension, and decay of joint angles show 

flexion of the joint [31]. 

 

 One major implication to this theory of muscle gearing though is the fluid mechanics 

around the animal jumping in question.  For larger animals, the medium for which their primary 

locomotion occurs does not greatly affect the overall height and body length jumping ratio.  For 

smaller animals, this is a large consideration where drag is a large factor in the overall jump [30].  

In relation to locomotive performances, based on force and velocity outputs, this is a point of 

argument.  It has been heavily understood that there is an inherent trade-off between force and 

velocity of musculoskeletal systems.  However, arguments related to this theory, on the basis of 

absolute velocity and force, are proposing that there is no such trade-off.  Theoretical modeling 

is accomplished below to help observe this new contradictory claim. 

 2.4: Modeling Techniques that Consider Environmental Conditions on 

Locomotion 

 

 While previously discussed research targets the anatomical structure, biological reaction, 

and physiology to understand motion of organisms through specific actions, the effects from the 

environment are relatively substantial on the performance of a MSK.  This can be initially 

exemplified through studies of guinea fowl funning over unpredictable terrain that requires the 

animal to compensate for unexpected changes in height through either dissipating or converting 

energy.  Daley et. al provided camouflaged terrain to understand the muscle control during 

sudden drops in terrain height [32].  It is suggested that three outcomes can be possible: 1) the 

sudden drop is fully compensated for to maintain the steady, spring-like route without any net 

changes in energy components (i.e. 𝐸𝑝, 𝐸𝐾ℎ, 𝐸𝐾𝑣) 2) change in 𝐸𝑝, total potential energy, was 

converted to change in totally kinetic energy to increase the velocity, while still following 

conservation of mass-spring dynamics, and 3) change in 𝐸𝑝 results in change in center of mass 

energy and is absorbed through negative work.  It was observed that although the guinea fowl 

were able to maintain stability throughout the unexpected height changes, delays in the muscular 

loading and decreases in the muscular tension occurred.  This suggests that there is a connection 

between the actuating system and the environmental conditions associated with it.  Most 
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importantly, this verifies that the effects on the mechanical output and system movement do not 

relate only to the biological system responses, but environmental factors. 

Continuing observations related to environmental conditions, Richards aimed to 

understand the effects of environmental factors through the experimentation of frog leg muscle 

activation.  Male Xenopus laevis , an aquatic frog, were dissected to obtain the plantaris longus 

(PL) muscle.  Two test fixtures were then made.  The first related to the robotic leg, to be 

activated through PL muscle activation, and a ‘work loop’ ergometer, to measure in vitro muscle 

data.  The robotic foot was actuated within air, for inertial loading cases, and water, for 

hydrodynamic exploration.  Various gearing multipliers, essentially gearing ratios, were used to 

observe changes in gearing ratio of the force and displacement data within the software feedback 

loop [33].  These changes and conditions allowed for loading, gearing multiplier, and foot size to 

ultimately be tested.  Environmental loading cases, between inertial and fluid effects, 

demonstrated that an immersed robotic foot would produce forces to mainly overcome the 

hydrodynamic drag, in addition to the mechanical and hydrodynamic inertial forces.  

Additionally, peak force and shortening velocities were observed with the fluid cases.  However, 

muscle work output between the cases remained fairly consistent, with 5.30±2.12 and 6.67±2.93 

𝐽

𝑘𝑔
 for air to water cases, respectively, while net power output was higher within the air trials 

[33].  The force-length dynamics were sensitive to any gearing ratio change, in addition to the 

effects of gearing between inertial and fluid cases.  Increases in gearing, significantly decreased 

the shortening velocity, but increased the power output in the air loading cases. 

In general, from the experimentation of Richards, it was concluded that peak forces seen 

in the hydrodynamic cases are much more sensitive to the muscles intrinsic force-velocity 

relationship, as opposed to those seen within the inertial loading cases.  Further, changes in 

anatomical structure of a limb, not only decrease or increase the velocity per the loading 

scenario, but are directly dependent upon the mechanical advantage of the system [33]. 
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Chapter 3: Problem Statement 

 

 Since the early 1900’s, it has been understood, and accepted, that with small mechanical 

advantages (ratio of in-lever length to out-lever length) produce fast movements with small 

application forces.  Conversely, large mechanical advantages produce slow movements with 

larger forces, as explicitly stated by Smith and Savage [34, 35].  This relationship is regularly 

used in interpreting function and performance of MSK systems of locomotion, evasion, and 

feeding.  Further, numerous groups have exemplified understanding of MSK function and 

performance through studies with the objective to understand evolutionary enhancements of 

species ability to capture prey [36-40].  However, these studies are divided between observing a 

trade-off in the force-velocity relationship that is widely accepted, versus not.  Although the 

above research areas have targeted feeding habits of various species, locomotion of organisms 

has also been a primary research field. 

 In 2010, modeling works of locust hind legs, by McHenry, challenged this perception of 

mechanical advantage to the force-speed relation [35, 36].  It is stated that there is no trade-off 

between the force and absolute speed of the system due to the inability to fix the rate of 

shortening of the actuator (muscle or biological spring), and the change in geometry of the 

system being observed.  This research focuses on developing a theoretical system model and 

experimental model to validate the longstanding characterization of musculoskeletal systems. 

 

 The objectives of this research topic were: 

 Develop a mathematical system model for various actuators and loading scenarios 

 Identify and design modifications to an existing McKibben air muscle test fixture 

 Implement and integrate modifications to study various loading cases and environmental 

conditions and validate theoretical data 

 Identify, from an engineering perspective, the relationship and effects of load, gearing, 

and actuator type on the force-velocity curve of dynamic lever systems 

 

The system model was created from locust leg geometry that consists of a muscle, rigid 

upper leg bone, knee joint, and rigid lower leg bone geometry.  A simple schematic of this 

geometry can be observed in figure 16.  The model was implemented using Simulink, a 


